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PLURICLOSED FLOW, BORN-INFELD GEOMETRY, AND RIGIDITY 
RESULTS FOR GENERALIZED KAHLER MANIFOLDS 

JEFFREY STREETS 


Abstract. We prove long time existence and convergence results for the pluriclosed flow, which 
imply geometric and topological classification theorems for generalized Kahler structures. Our 
approach centers on the reduction of pluriclosed flow to a degenerate parabolic equation for a 
(l,0)-form, introduced in [37]. We observe a number of differential inequalities satisfied by this 
system which lead to a priori L°° estimates for the metric along the flow. Moreover we observe 
an unexpected connection to “Born-Infeld geometry” which leads to a sharp differential inequality 
which can be used to derive an Evans-Krylov type estimate for the degenerate parabolic system of 
equations. To show convergence of the flow we generalize Yau’s oscillation estimate to the setting 
of generalized Kahler geometry. 


1. Introduction 

1.1. Global existence on negatively cnrved backgronnds. Given a Hermitian 

manifold, we say that the metric is pluriclosed if 

ddu) = 0. 

Now consider the pluriclosed flow equation 

(1.1) -^Lo = dd*L 0 + dd*„uj + log det g. 

at ^ ^ 2 

This equation was introduced in [36] as a natural geometric flow on complex manifolds which 
preserves pluriclosed metrics. In m it was established that this flow is the gradient flow of 
a Perelman-type quantity, and a conjectural framework was established for understanding the 
singularity formation of solutions to this flow. Further works PEI [13] on pluriclosed flow have also 
appeared. 

Our goal in this paper is to present global existence and convergence results for this flow and 
the geometric and topological rigidity results which follow as corollaries. The first principal result 
shows long time existence and convergence for the pluriclosed flow with arbitrary initial data on 
certain complex manifolds. 

Theorem 1.1. Let be a compact Hermitian manifold. 

(1) If h has nonpositive bisectional curvature, then the solution to (normalized) pluriclosed flow 
with arbitrary initial data exists smoothly on [0, oo). 

(2) If J) is biholomorphic to a torus, the solution to pluriclosed flow with arbitrary initial 

data converges exponentially to a flat Kahler metric. 

(3) If h has constant negative bisectional curvature, the solution to normalized pluriclosed flow 
with arbitrary initial data exists for all time and converges exponentially to gxE, the unique 
Kahler-Einstein metric on (M^”, J). 

This theorem confirms the intuition that the pluriclosed flow does not develop “local” singularities 
akin to the Ricci flow neckpinch, as in principle one would see these for instance in the case of the 
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torus. Rather, this suggests that the singularities are based on topological obstructions, as in the 
case of Kahler-Ricci flow. Moreover we point out that the convergence to flat metrics on the tori 
stands in contrast to the parabolic Monge-Ampere equation in this setting, which always converges 
(ini), but admits an infinite dimensional space of fixed points with arbitrary torsion tensor. 

1.2. Rigidity of generalized Kahler manifolds via pluriclosed flow. We also prove a new 
long time existence and convergence result for the pluriclosed flow in the setting of commuting 
generalized Kahler geometry. A generalized Kahler structure on a compact manifold M is a triple 
{g, Ja, Jb) of a Riemannian metric and integrable complex structures so that 

(PaLoa = ~ d%ujB 

dd\ujA = — dd’^^ujB = 0 . 

These equations hrst arose in the context of supersymmetric sigma models m- Later these equa¬ 
tions were given a purely geometric interpretation in the language of Hitchin’s “generalized geom¬ 
etry, ” [laiEiisi]. 

In |38] the author and Tian showed that the pluriclosed flow preserves generalized Kahler struc¬ 
ture, provided we allow the complex structures to evolve by diffeomorphisms. Later, in |35] we 
showed that in the special case when [Ja, Jb] = 0, the complex structures remain hxed and more¬ 
over the flow reduces to a fully nonlinear scalar PDE. Moreover, in ^5] we gave a nearly complete 
description of the long time behavior of the pluriclosed flow in the setting when n = 2. The reason 
for the dimensional restriction stems largely from the fact that when n = 2 the factors in the 
splitting of the tangent bundle arising from the commuting complex structures (see gEU) are both 
line bundles. 

In this paper we develop a number of new a priori estimates for the pluriclosed flow in this setting, 
leading to a general long time existence and convergence result given certain topological constraints. 
This leads to a rigidity result showing that under certain topological conditions generalized Kahler 
structures are automatically covered by products of Calabi-Yau manifolds. First we state a general 
long time existence result (see ^ for the definition of xiJA, Jb), which is a characteristic class 
associated to a generalized Kahler manifold akin to the first Chern class of a Kahler manifold). 

Theorem 1.2. Let , g, Ja, Jb) a commuting generalized Kahler manifold satisfying the 
conditions cf^{JA) < 0, x{Ja,Jb) = 0, and rankT_ = 1. The solution to pluriclosed flow with 
initial condition g exists smoothly on [0, oo). 

The simplest example of a manifold satisfying the hypotheses of Theorem 11.21 is to let {Ni,Ji) 
be Calabi-Yau manifolds with dim Yi = 1, and let M = Ni x N 2 , Ja = Ji® J 2 , Jb = Ji® (—^ 2 )- 
With one further hypothesis on the background complex manifolds, namely that the torsion class 
[Buja) vanishes, we can use the pluriclosed flow to show that, up to coverings, this is the only way 
to construct such manifolds. This follows by establishing convergence of the flow at infinity to 
a Kahler-Einstein metric. One important input to obtain this convergence is a generalization of 
Yau’s oscillation estimate for the Kahler potential [47j to the setting of generalized Kahler geometry 
(Theorem 17.7jl . Note that in the theorem below we do not assume that either of the given complex 
structures Ja,Jb admits Kahler metrics, rather, this is a consequence. 

Theorem 1.3. Let (M^"", g, Ja,Jb) be 0 - commuting generalized Kahler manifold such that cf^{JA) = 
0, x{Ja, Jb) = 0, rankrl’*^ = 1, and [Buja) = 0 G H^J. The solution to pluriclosed flow with initial 
condition g exists smoothly on [0,oo) and converges exponentially as t ^ 00 to a Calabi-Yau metric. 
In particular, {M‘^^,Ja,b) are both Calabi-Yau manifolds, and the universal cover of {M, Ja, Jb) 
is biholomorphic to a product manifold. 

We can use this theorem to state a clearer corollary, which says that any rank 1 commuting 
generalized Kahler structure for which the relevant characteristic classes vanish is automatically 
Calabi-Yau, and moreover covered by a product structure. 
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Corollary 1.4. Let Ja, Jb) be a commuting generalized Kdhler manifold such that {T^f) 

0, rankTl’*^ = 1, and [duiA\ = 0 G . Then {M,Ja,b) are Calabi-Yau manifolds, and the uni¬ 
versal cover of {M, Ja, Jb) is biholomorphic to a product manifold. 

Remark 1.5. We emphasize that the hypotheses of Theorem 11.21 Theorem 11.31 and Corollary 11.41 
are all topological in nature. In particular, locally, there is an infinite dimensional family of rank 1 
commuting generalized Kahler manifolds. By adding global, topological hypotheses we are able to 
show the existence of rigid metrics on these manifolds via the pluriclosed flow. 


Remark 1.6. The standard generalized Kahler structure on the Hopf surface satisfies x{Ja,Jb) = 
0 and rankT_ = 1. Thus we see that to obtain Kahler rigidity, some sort of extra hypothesis is 
necessary. The Hopf surface example satisfies both [Scua] 7 ^ 0 and Ci^ {Ja) 0. It is not clear yet 
if either of the hypotheses [Scua] = 0 or Ci^ {Ja) can be removed while keeping rigidity. 


1.3. A priori estimates. Proving these theorems requires the development of several new a priori 
estimates for the pluriclosed flow, which we now outline. A pluriclosed metric reduces locally to 
(jJa '■= doi + dRJ for some a G Based on this observation, in [38] the author and Tian reduced 
the pluriclosed flow to a degenerate parabolic equation for a (1,0)-form. Locally this equation takes 
the form 


( 1 . 2 ) 


d —* 

—a = d„ iOa 
dt 


2 


(9 log det ga- 


Making this reduction global requires certain choices of background data, made precise in ^ This is 
akin to the reduction of Kahler-Ricci flow to the parabolic complex Monge Ampere equation, which 
requires certain choices of background data. Equation (jl.2|) is a degenerate parabolic equation for 
a, which can be further reduced to the parabolic complex Monge-Ampere in the case that the 
underlying metric is Kahler. In this paper we approach the pluriclosed flow entirely from the point 
of view of equation (II.2h , which as it turns out holds the key to many useful differential inequalities 
which can be used to obtain a priori estimates. 

The first principal estimate is an a priori (7“ estimate for the metric in the presence of upper and 
lower bounds on the metric ('Theorem 11.71 belowi. Thinking of the pluriclosed flow as a parabolic 
system of equations for the Hermitian metric g, this estimate is analogous to the DeGiorgi-Nash- 
Moser/Krylov-Safonov [ini|3ni[29l|25l[26] estimate for uniformly parabolic equations. On the other 
hand, the corresponding estimate for the Kahler-Ricci flow is analogous to a (7^’" estimate for 
the potential, and the techniques of Evans-Krylov [Hill] can be applied to obtain this estimate. 
We emphasize that these are only analogies, as indeed we do NOT have a scalar reduction for our 
system, let alone a convex one, so the result of Evans-Krylov cannot apply. Moreover, the DeGiorgi- 
Nash-Moser/Krylov-Safonov results are known to be false in general for systems of equations [llj . 
which is the setting here. Lastly, we point out that in complex coordinates the pluriclosed flow 
is a quasilinear parabolic system with “first order quadratic nonlinearity.” This is the type of 
nonlinearity arising for instance in harmonic maps, and Struwe m has shown the corresponding 
(7" estimate in this setting with the further assumption that the nonlinear term is small with 
respect to ellipticity constants, an assumption not available in this setting. 

Despite the complexity of the pluriclosed flow system, our method of proof is related to that of 
Evans-Krylov for the scalar PDE setting, which we briefly recount here. Recall that these results 
yield (7^’" estimates for (7^’^ solutions to uniformly parabolic, fully nonlinear, convex equations. 
This convexity is exploited most crucially to show that every second directional derivative of the 
given function is a subsolution to a uniformly parabolic equation. One thus obtains a weak Harnack 
estimate which is used in conjunction with the original fully nonlinear equation to obtain the full 
( 72 ,a regularity. This method certainly does not directly apply since we not even have a scalar PDE 
underlying the pluriclosed flow, let alone a convex one. 
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Nonetheless, by a careful study of the 1-form potential a along the pluriclosed flow, we discover 
a judicious combination of the hrst derivatives of a into a Hermitian 2n x 2n matrix W such that 
W{v,v) is a subsolution to a uniformly parabolic equation for every v, and such that detW = 1. 
The form of this matrix was inspired by the author’s previous joint work with M. Warren m in 
which a closely related quantity was discovered and applied to obtain Evans-Krylov type regularity 
for certain nonconvex parabolic equations, arising partly from the pluriclosed flow in the generalized 
Kahler setting [35], where the flow reduces to a scalar PDE. In that case the matrix playing the 
role of W admits a clear interpretation as the Hessian of a function obtained by applying a partial 
Legendre transformation to the solution to the given PDE. Somewhat miraculously, a very similar 
quantity obeys remarkable partial differential inequalities for the general pluriclosed flow, which 
is a parabolic system. This matrix W admits an interpretation as a “Born-Infeld” metric on the 
generalized tangent bundle T 0 T*. This seems at first glance to deepen the apparent connection 
between the pluriclosed flow and generalized geometry [Ml Eg [39]. We will discuss this further in 

m 

Before stating the theorem we introduce a piece of notation. Eor a Hermitian manifold J, g), 

let h denote an auxiliary Hermitian metric, and let T{g, h) = be the difference of the two 

Chern connections. Eurthermore, let 

k 

fk = fk{9,h) :=^\VlT{g,h)\^ . 
j=0 

The quantity fk is a natural measure of the k + 2-th derivatives of the metric which scales as the 
inverse of the metric. 

Theorem 1.7. Let be a compact complex manifold. Suppose gt is a solution to the 

pluriclosed flow on [0, r), r < 1, with at a solution to the {gt, h, g)-reduced flow (see ^3Af). Suppose 
there exist constants A, A such that 

(1-3) Xgo <gt< A^o, |<9a|^ < A. 

Given k gN there exists a constant C = C{n, k, go, g, h, g, X, A) such that 

sup tfk{gt, h) < C. 

Mx{i} 

The second principal estimate of this paper is a general upper bound for the metric in terms of 
a lower bound. The proof exploits the very favorable evolution equations arising from the 1-form 
reduction of pluriclosed flow to control certain torsion terms arising in the evolution of metric 
quantities. 

Theorem 1.8. Let {M‘^^,J) be a compact complex manifold. Suppose gt is a solution to the 
pluriclosed flow on [0, r), with at a solution to the {gt, h, g)-reduced flow. Assume there is a constant 
X such that for all t E [0, r), 

Xgo < gt- 

There exists a constant A = A(re, go,g, h, g, X) such that for all t E [0, r), 

gt < A{11)go, |cla|^<A. 

Here is an outline of the rest of this paper. In ^ we recall notation and some basic facts 
concerning the pluriclosed flow. Then in ^we develop the one-form reduction of the pluriclosed flow 
introduced in m- Next in Ml we introduce the “torsion potential” along a solution to pluriclosed 
flow. In Ml we give the proof of Theorems II. 71 and II.81 We use these in Ml to prove Theorems 

iniio] and 11.31 and Corollary 11.41 

Acknowledgements: The author would like to thank Marco Gualtieri and Luis Ugarte for 
useful conversations. 
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2. Background 

2.1. Different Faces of Pluriclosed Flow. In this subsection we give three equivalent formula¬ 
tions of the pluriclosed flow equation, each of which is useful in easily displaying certain properties 
of the equation. 


2.1.1. Hodge operators formulation. First we express the pluriclosed flow equation using differential 
operators appearing in Hodge theory. This point of view makes manifest the fact that the flow 
preserves the pluriclosed condition, and moreover is essential to constructing the 1 -form formulation 
of pluriclosed flow analyzed below. Let J) be a Hermitian manifold. One has the natural 

decomposition d = d + d, and d* = d* + d*. Recall that uj is pluriclosed if dduj = 0. Since the 
local generality of pluriclosed metrics is that of a (l,0)-form (see Lemma l2.ip . to find a parabolic 
flow of such metrics it is natural to consider the ansatz = da + da + 7, where a E and 7 
is closed. Taking inspiration from Kahler-Ricci flow, it is natural to let 7 = —ci(M, w). Since we 
want a second-order flow, one needs a to be a first-order operator on the metric, and one has little 
choice but to set a = d*u:. This point of view leads one to the pluriclosed flow equation 

= dd*u} -|- dd*ijj -|- log det g. 

dt ^ ^ 

As shown in [36], this is a strictly parabolic equation with pluriclosed initial condition wq, and 
admits short-time solutions on compact manifolds. 


2.1.2. Chern connection formulation. Given g, J) a Hermitian manifold, the Chern connec¬ 
tion is the unique connection V on such that Vg' = 0, VJ = 0 and the torsion of V has 

vanishing (1,1) piece. In local complex coordinates the connection coefficients are 


The torsion of the Chern connection takes the form 

'^ijk ~ 9ik 

The metric is Kahler if and only if T = 0. Also the Chern curvature takes the form 

{9^^9km,i) = -9™gkrn,ij + 9^^9^^^9pq-j9krn,i- 

Due to the fact that V, in general, has torsion, there are various “Ricci curvatures” which can be 
defined using this connection. We concentrate on one of them, 

% = 

Observe that this is the “Ricci curvature” which appears in the theory of Hermitian Yang-Mills 
theory, although in that setting the connection V is some Hermitian connection on a complex 
vector bundle over M, which is independent of the Hermitian metric chosen on M. We also define 
a certain quadratic expression in torsion, namely 


■pt pt 

^ ij ki 




I _ _ Ik nm 

Hj ~ y y 


Qii ~ 


TiknTjlm- 


With these definitions made, we can express the pluriclosed flow equation ([36] Proposition 3.3) as 



-S + Q. 


( 2 . 1 ) 
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2.1.3. Bismut connection formulation. Let J) be a Hermitian manifold. Recall the opera¬ 

tor (F = y/—l{d — d), and note that in particular one has 

d^uj{X, Y, Z) = -duj{JX, JY, JZ). 

The Bismut connection [S] is the unique connection on TM for which V (7 = 0, VJ = 0, and which 
has skew symmetric torsion. It follows that 

giV^Y, Z) = Z) + U^uj{X, Y, Z). 

This connection induces a connection on the canonical bundle, and its curvature can be computed 
as 

p^{X,Y)=g{R^{X,Y)euJei). 

The form p is closed by the Bianchi identity. But since J is no longer parallel, p is not necessarily 
a (1, l)-form. A computation shows that then the pluriclosed flow is equivalent to 

d 1,1 

Wt^ = • 

Using this formulation one is able to show that solutions to the pluriclosed flow are gauge-modified 
solutions to the R-field renormalization group flow, which then exhibits pluriclosed flow as a gra¬ 
dient flow which admits Perelman-type monotonicity formulas m- 

Lastly, for certain applications it is natural to add a normalizing term to the pluriclosed flow 
similar to the normalization frequently imposed on Kahler-Ricci flow. Consider 

( 2 . 2 ) = - {p^f’^ - uj 

2.2. Local generality of pluriclosed metrics and Aeppli classes. We recall that, locally, any 
Kahler metric may be expressed as y/—lddf for some smooth real function /. In this section we 
prove a similar result for pluriclosed metrics, exhibiting the local generality of such metrics in terms 
of (l,0)-forms. 

Lemma 2.1. Let U C C"" be an open subset homeomorphie to a ball, and suppose io G is a 
pluriclosed form on U. There exists a G A^’° such that 

uj = da + da. 


Proof. Since the form duj is d-closed, so by the local dd lemma we obtain (3 G A^’*^ such that 

doj = ddjd. 

Now consider the form 

7 := cj — (9/3 — d(3. 

Note that 


d^ = duj — dd/3 = 0, dj = dco — ddft = 0. 


Since 7 G Aj^’^ is d-closed, it follows again by the d(9-lemma that there exists / G C°°(M, M) such 
that 7 = ^/^ddf. Finally, set 


We then directly compute 

da + da 


a = ft 


2 


df. 


dft + dft + ^/^ddf = dft + dft + 'y = u. 


□ 
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Given this lemma, on compact manifolds it is natural to consider pluriclosed metrics up to equiv¬ 
alence of adding da -|- da, in analogy with Kahler classes in Kahler geometry. 

Definition 2.2. Let , w, J) be a complex manifold with pluriclosed metric u. We set 

1 = {o G A I oJqi^ i= oj “t" da da > 0}. 

Note also that each metric uja G T-L^j can be described by an infinite dimensional equivalence 
class, by adding any element of the image of d : C°°{M) —)• We formalize this in the next 

definition. 

Definition 2.3. Let J) be a complex manifold. We let 

g = {5/|/GC“(M,M)}. 

Moreover, we let denote the corresponding space of equivalence classes of (0, l)-forms. 

Remark 2.4. Thus, as the Kahler form is written as 

= io + da + da, 

we have the coordinate expression 

<3 = + ^)i-j= - «ij) • 

This means that the metric coefficients take the form 

(2-3) gfj = 5.J - («7,. - «ij) =gg + V ^ (a,j - oj •) . 

2.3. The positive cone. 

Definition 2.5. Let (M^”, J) be a complex manifold. Let 

_ {V'G Ar = O} 

{da + da\ a G A^’*^} 

This is referred to as the (1,1)-Aepph cohomology, defined in [T]. Next, in analogy with the Kahler 
cone, we next define the cone of classes in H ' ^ which admit pluriclosed metrics. 

Definition 2.6. Let be a complex manifold. Let 

V := {[lA] G I 3 w G > o| . 

The space V is an open cone in which is nonempty if and only if M admits pluriclosed 

metrics. We refer to V as the positive cone. 

2.4. The formal existence time. Observe that, if cot is a solution to pluriclosed flow, then [wt] 

defines a path in V. Moreover, since C we can interpret the first Chern class of (M, J) 

as an element of With this point of view we observe that a solution to pluriclosed flow 

satisfies 

[ut] = [wo] - tci. 

Meanwhile, a solution to ()2.2I) satisfies 

N] = [-Pih] + e~\uJo + p{h))] 

Certainly the flow cannot exist smoothly if the boundary of V is reached along these paths. We 
state this for emphasis. 
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Definition 2.7. Let J) be a compact complex manifold, and suppose go is a pluriclosed 

metric on M. Let 

T*{go) := sup{t|[wo] - tci E V}. 

Lemma 2.8. Let J) be a compact complex manifold, and suppose go is a pluriclosed metric 

on M. If T denotes the maximal existence time of the solution to pluriclosed flow with initial 
condition go, then r < T*{go)- 

The main guiding conjecture behind our study of pluriclosed flow is that in fact reaching the 
boundary of the cone is the only way to have a singularity. 

Conjecture 2.9. Weak existence conjecture: Let go, J) be a compact complex mani¬ 

fold with pluriclosed metric. Then the solution to pluriclosed flow with initial condition go exists 
smoothly on [0,r*(g'o))- 


3. The 1-form reduction of pluriclosed flow 

In this section we develop a reduction of the pluriclosed flow into a degenerate parabolic system 
for a (l,0)-form. Since a Kahler metric depends locally on a single function and the Ricci flow 
preserves the Kahler condition, it is natural to expect that the flow reduces to that of a single 
function, up to finite dimensional (i.e. cohomological) obstructions. This is easily borne out by 
computations to show that the Kahler-Ricci flow is locally equivalent to the parabolic complex 
Monge-Ampere equation. 

Applying a similar line of thought, based on Lemma l2.II one would expect the pluriclosed flow 
to reduce to a flow of a (l,0)-form. Note however that, on a compact Kahler manifold, the kernel 
of acting on functions is given just by constant functions, and therefore one expects a 

strictly parabolic equation for the potential function, as indeed is the case. For the pluriclosed 
case, there is always an infinite dimensional kernel to the description of a pluriclosed metric by a 
(l,0)-form (see Definitions 12.21 Thus one expects to be able to reduce the pluriclosed flow to 
a degenerate parabolic equation for a (l,0)-form, and this was indeed observed in ([37] Theorem 
5.16, Proposition 5.18) (n.b. our notation and conventions within differ slightly from that paper). 

Our purpose in this section is to further develop this point of view on the pluriclosed flow to 
obtain a priori estimates. At first the value of this reduction to a (l,0)-form may seem doubtful 
since we have taken an equation which is strictly parabolic in complex coordinates and reduced to 
one which is degenerate parabolic. Nonetheless this reduction gives us access to quantities which 
are otherwise invisible, including a gauge-invariant potential for the torsion of the flowing metric 
which obeys a remarkably simple evolution equation along the flow, as detailed in @ 


3.1. Reduction of pluriclosed flow. Let {M‘^^, gt, J) be a smooth solution to pluriclosed flow 
on [0, r]. We fix a background Hermitian metric h. By Lemma 12.81 we know r < T*{go), and hence 
there exists /r E A^’^ such that 

(3.1) iWr ■= ^0 — Tp{h) + dpL + dfl > 0. 


Now consider the smooth one-parameter family of Kahler forms 

t . {t -t) 

Ult ■— —UJj- H- LOo- 

T T 

Observe that, as Aeppli cohomology classes. 




Wo] 


V^dd log det h + ^ [dp -|- dp) 


= -Cl 


and hence [tDt] = [wq] — tci, and so ojt serves as an appropriate family of background metrics. 
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Definition 3.1. Let gt, J) be a smooth solution to pluriclosed flow on [0,t]. Given choices 

gt, h, g. as above, for a one parameter family at G let 

oJa := oJt + dat + d^. 


We say that a one-parameter family at G is a solution to {gt,h, g)-reduced pluriclosed flow if 


(3.2) 


9 75* 

—a = a„ LOa 
dt 

ao = 0 . 


2 


01og 


detffa 
det h 


T 


In the sequel, if no further context is given we will refer to a solution of 1-form reduced pluriclosed 
flow with some arbitrary choices of gt,h and g having been made. Observe that there is always an 
infinite dimensional equivalence class of solutions corresponding to the ^-orbit. 

Lemma 3.2. Let {M‘^^,gt,J) be a smooth solution to pluriclosed flow on [0, r]. Given choices 
gt,h,g as above, there exists a solution at to {gt,h, g)-reduced pluriclosed flow, and for any solution 
at to {23), one has g^t = gt- 


Proof. Given the setup, we let at be the solution to the ordinary differential equation 


(3.3) 


We thus compute 


d T5* dets-i 

—a = d^.utt -—(91og- 


dt 
ao = 0- 


d 


d 


= T-CJt + dd + da 
dt 


= ^^/^dd log det h-\-—{dg-\-dfl,)^ 


detc/t g 

+ a|a„^.-— 9iog^-- 


det h 


If 

T 


tala* I ^ 7)1 det g 
+ 90,.-, + —Slog—-- 


= ddg^LJt dd*^iOt -h V^dd log det g. 


It follows that ^ (wt — ujcn) = 0, and so ut = Wq,^. Plugging this into (13.3p gives that at is indeed 
a solution to (13.21) . Also, given any solution to (13.21) . a calculation nearly identical to that above 
yields that the family of metrics ga^ = gt- D 


Remark 3.3. Note that this lemma does not claim an a priori construction of the solution to 
{33), in the sense that we already require the solution to pluriclosed flow to obtain the reduction. 
Nonetheless it is possible to construct an a priori solution, and we comment on this below. 


3.2. The one-form differential operator. In this subsection we begin our analysis of 1-form 
reduced pluriclosed flow. We simplify matters by defining a differential operator lying at the heart 
of the analysis. 

Definition 3.4. Let (M^"', J) be a complex manifold. Let g denote a pluriclosed metric on M, let 
h denote any Hermitian metric on M , and g G A^’^. Given a G Llto, let 

iTit'• r \ “o* \/~l- o 1 det ga 

^[g,h,g,a) = dg^uia - ^dlog + g. 

Since the main object of interest in this operator is a, we will frequently abbreviate 4 ^( 0 ) = 
^{g,h, g,a) when background choices of the other objects is clear from context. 
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Lemma 3.5. Given g, h, g, a as above, in local complex coordinates we have 


h, g, oi)i — ^i,pg 2 ^q,pi) 


+ V r,9pq,i 9iq,p r, h'^^hpq^i + [Xi. 


Proof. A basic calculation in coordinates shows that 


75 * \/^oi detfir 


Slog [9pqx - 9^q,p] - ^ [9~^%qx " h^^hpq,,] 

= V^g^P +^hF^hpq,,. 


Using this we have 


o 1 det ga 


'^{g,h,0,a)i = -^Slog 

= y/^q^P -Q°‘- - - Q~ 

^ rk^va.t 


ol 2 ^pqit 




— ^i,pq 2 ^q,pi) + V^gf I ^9pq,i “1“ 2 h^^hpq^i- 


The result follows. 


Lemma 3.6. Given g, h, g, a as above, in local complex coordinates we have 

T( 5 ,/i,(U,a)i = - (To oSa). + \/^ 5 (®T;pq - tr^^ 5 + log - 2\/^3ftV*a + gi, 

where 

{T^oda)^ = g^^gf^qVjap. 

Proof. We begin with three preliminary calculations, 

= s? Fdi. - rL(Vo)j, 

= si “i.ti - s‘S‘s%i,k^jav ■ 

Also 

(VV*a), = gl^ViVjak 

= <7LM^*(Vi«fc)-rf,V7a,] 

= 9a (^k:ii-9a9kq,i"^j(^P ' 

Next 

(vv*a)^ = gl^ViVkCxj 

= 5^ [^^(ykaJ) - rU^paj)] 

= [«M, - gfg^q.^pai . 
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Combining these yields 


9a 


^i,ik 2 

1 . 


= A. Qfj - - Vi V*a + V a ) + g ^ g \ 


Ik qp 


1 


= A. a, - - Vi ( V*a + V^a) + g^^gf 


= Ag^ai - iVi (V*a + V*«) + c/^gf 


9fq,k^Tap - \g%^iVjap - ^g^^^iVpaj 


A?Wi“P+^9?5.i(9,7-9;7) 


V^J. 


Ik 


^ ^ dk ^Q'i 


Ik qp^ _ a 


= + '^ «) + 5a gfT^iq'^-pp - ^^9a9lli + ffa 9'^a"9figlq,i- 


Plugging this into the result of Lemma 13.51 yields 


^i = A,„ai - V,5RV*a + g^^gfT^^Vjap - 


^^/^qik a_ ^ 
2 ^kl,i ^ 


Jk -a: 


9a9a9il9kq,i 


+ ^9\ 


qp 


2 gpq,i 9iq^p 


+ —^—h’^^hpq^i + gi- 


One further simplification yields 


V^g] 


1 


1.7 


Ik ^ 


9iq,p ^9pq,i~^ ^9agpl9kq,i 


= V^g 


qp 


^ //c - 


Tipq ^Qpq.i cyQoiQplQkq, 


= ^gf%-g-^V,tTg^g. 


Combining these calculations yields the final result. 


□ 


Proposition 3.7. Given g,h,g as above, the map '^{g,h, g,-) : —)• is a seeond order 

degenerate elliptie operator. 


Pi^p^q r) {Pp^q^i A (dq^p^i) 


Proof. A simple calculation using Lemma 13.51 shows that 

[a(Zla'h) m] {i)^ = 9f 

Thus 

([a (Ila'h) m (e), /3) = W\l - Igi^gf {PMq(^ + fdqipi. 


\lm"- (/3,0 


9a 


> 0 , 


where the last line follows by the Cauchy-Schwarz inequality. □ 

Remark 3.8. By direct calculation one can show that the kernel corresponds to the image of 
d : C°°{M) —)• A^’°, corresponding to the ^-orbit, as expected. 

3.3. A splitting of the 1-form system. In this subsection we exhibit an essentially canonical 
way to “split” the 1-form equation into a simpler 1-form equation and an equation for a scalar 
quantity. 
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Proposition 3.9. Let gt, J) be a solution to pluriclosed flow. Given choices gt, h, g as above, 

suppose is a one-parameter family of {1,0)-forms [3 and smooth functions f such that 


(3.4) 


I'’ 

y 


^9t(^ - Tgt odfl + V^trg^ T + g, 

. „ . det Qt 

A»/ + tr„g + log^, 


OiQ — flo — '/-^dfo- 


Then at ■-= fdt - V^dfl is a solution to the 1-form flow. 


Proof. We directly compute that 


^ a = 4/3 - 


dt dt 

Next, we compute 


dt 

d/3 + V^tTg^ T + g- y/^d (AgJ + tvg^ g + log 


detgt 
det h 


ViAf = c/^ViVkVjf 

= [VfcVgV^/ - gfTg^VpVjf] 

= [VfcVgV^/ - gfTg^VgS/jf] 

= [Adf-T^oddf]^. 

Thus plugging this in above and comparing against Lemma 13.61 we conclude that 
= Ag, {/3 - V^df) - r„ o 9 (/3 - V^df) + V^tr^^ T + g 

-V=id(t,,.g + ioe'^y 

It follows that the 1-parameter family of metrics Wq := to + da + da is a solution to pluriclosed 
flow with the given initial condition. The proposition follows. □ 


4. Torsion potential evolution equations 

In this section we derive evolution equations and estimates for the torsion potential along a 
solution to the 1-form pluriclosed flow. As we will see below, a miraculous cancellation of nonlinear 
terms occurs which allows for a very clean estimate of the torsion potential. At the end of the 
section we specialize these estimates to the case when one has a special background metric, which 
allows for even stronger estimates. These play a crucial role in the proofs of Theorem 11.11 and 11.21 

Definition 4.1. Let ,oj,J) be a complex manifold with pluriclosed metric. Given a G Tiuj, 
we say that g G A^’*^ is a torsion potential for cJq if 

Ta = du! — dg. 

Observe that da G A^’*^ is a torsion potential for Wq,. We say that 4> £ is a torsion pluripotential 
for iOa if 

Ta = dui — ddcj). 

Again, one notes that a is a torsion pluripotential for oIq. 
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Remark 4.2. The reason for the terminology is that the torsion of the Chern connection associated 
to a Hermitian metric is dio. In the case of metrics in this reduces to duj — dda. Thus the 
quantity da governs the torsion tensor, up to a background term of div. From this perspective, we 
see that the reduction to the 1-form equation has allowed us to get some control over the torsion, a 
crucial quantity to control in obtaining estimates, from a quantity which has one fewer derivative. 
As we will see this quantity satisfies a particularly nice evolution equation. 

4.1. Evolution of torsion pluripotentials. In this subsection we analyze the evolution of the 
torsion pluripotential along a solution to pluriclosed flow. A crucial input comes from a cancellation 
in the application of a Bochner formula observed in [35], which we record below. 

Lemma 4.3. f|35] Lemma 4-V Let J) be a solution to pluriclosed flow, and suppose 

flt £ is a one-parameter family satisfying 

4/3 = ^gtfl + L, 


where gt £ A^’’^. Then 

(4.1) = I V/3|2 - I V/3|' - p (g, tr, (/3 ® ^) > + 23f? (/3, g) . 

Proposition 4.4. Let {M‘^^, gt, J) be a solution to the pluriclosed flow. Given choices gt,h,g as 
above, suppose {/3t,ft) is a solution to Then 

^ |/3|2 = A |/3|2 - |V/3p - I V/3|' _ (Q, ® ^) + 2/R (/3, o 5/3 + tr,„ T). 


Proof. This follows directly from Proposition 13.91 and Lemma 14.31 □ 

By exploiting some special identities in dimension 4 we can obtain an improved estimate of the 
evolution of |/3|^. 

Corollary 4.5. Let (M^, gt, J) be a solution to the pluriclosed flow. Given choices gt, h, g as above, 
suppose {/3t,ft) is a solution to \3.4^ . Then 

^|/3|2< A|/3|2-|V/3|' + 2/R(/3,tr,„r). 

Proof. We adapt the result of Proposition 14.41 Since we are in real dimension 4, (|36| Lemma 4.4) 
implies that Q = ^ \'L\'^ g, thus — {Q,/3 (8* /3) = —| |rp |/3|^. Also note that, in a unitary frame for 
ga, using the skew-symmetry of T one has 

2 

1^1' = E = 2(I^12tI' + 17^1221')- 

i,j,k=l 
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Let US now analyze the term 3ft (/3,T“ o 9/3). Working again in a unitary frame for we see 

2 

{/3,r“oa/3)= X/ 

2 2 

l=l l=l 

= /3ir^^ V2/3i + /3 iT|^ 2^2/% + /32r4 Vi/3i + /32T4 Vi/% 

< ^ [l/3il' l^ml' + |V2/3 t|' + |/3i|' IT^I' + IV 2 / 32 I' 

+ |/32|2 IT^I' + |Vi/3t|2 + \h? I 7 I 2 I' + |Vi/%|2' 

= ^ [(l/3il' + \h?) (iT^il' + |r^2l') + 

= ^|v/3p + i|rn/3|2. 

Collecting the above discussion it follows that 

-|V/3|+23ft(/3,T“o9/3)-(g,/3®^) <0. 

The result follows. □ 

4.2. Evolution of the torsion potential. In this subsection we derive the evolution of the torsion 
potential along a solution to the 1-form reduced pluriclosed flow. We begin with a preliminary 
calculation of Ag^da. 

Lemma 4.6. In local complex coordinates we have 
\^gadoi\ - = i9^)ij,qp ~ 9a \9is,p{d(^)rj;q + 5'js,p(9a)jr,g] 

T \/ ^9^9a [^i,sp^r,jq T 0's,ip(^j,rq Oi's,ipC^r,jq Oij,sp(^r,iq T Ot's,jp^r,iq jpCli,rg] • 
Proof. We directly compute 
[^9.da\^q = 9f [VV9a]^_^^. 

= 9f [ida),g-qp - rU{da)rj,q - r;g{da),r,q 


= 9f 


= 9f 


= 9f 


= 9f 


'^ij,qp 9a {9a)is,p{dcx)rj,q 9a {9a)js,p{d^\r,q 
')ij,qp ~ 9a [ \9is,p + V~1 (ctj,sp ~ Cls,ip)] {^j,rq ~ *^r,jq) 

T [i7jAp T y/ 1 (.^j,sp {^r,iq ] 

)ij,qp ~ 9a [9is,pidct)rj,q + 9js,pidc^)ir,q] 

9a \^i,'sp^j,rq (^i,'sp(^r,jq ^s,ip^j,rq T ^s,ip^r,jq 

TOj jg Oij gpCXi rq CH-g jpOir^iq + 


if - 9f [9i-sAda)rj,q + gj-s,p{da)ir,q\^ 

T f ^9f 9a [^i,sp(^r,jq T ^'s,ip(^j,rq ^s,ip'^r,jq (^j,sp^r,iq T ^'s,jpOl-r,iq Clsjjp®j,rg] • 


Before computing the next evolution equation we record a general coordinate formula. 
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Lemma 4.7. Let be a Hermitian manifold. In local complex coordinates we have 

Q<Pj 9^ 9 ^ [9rm,i9jq,p 9rm,j9ig,p\\ ■ 

Proof. First we note the basic coordinate calculation 

(d*gUJ^, = '/^9'^^ [9pq,j - 9jg,p] ■ 

Using this we compute 


dd*gU 


J iq 


= a,(a>).-5,(5;a;). 

= y/^di [9'^^{gpq,j - 9jq,p)\ - [9'^^{gpq,i - 9iq,p)] 

— 'J 1 \^9^^ {9pq,ji 9jq,pi 9pq,ij 9iq,pj) 

~I9^ 9 ^9rrn,i {9jq,p ~ 9pq,j) 9^ 9 ^9rrn,j {9pg,i ~ 9iq,p)^ 

~ [ 9 ^^ {9iq,pj ~ 9jq,pi) 9^ 9 ^ [9rm,i {9jq,p ~ 9pq,j) “1“ 9rrn,j {.9pq,i ~ 5*(?,p)]] 

= [g^P {grq,pq - 9qq,p^) + 9^^9^^ [9 r7n,i9jq,p 9rmj9iq,p\\ • 


Lemma 4.8. Given J), a Hermitian metric h, g ^ and a G Huj, one has 

d^{g, h, g, a) = Ag^da - Hg^ V°‘Tg + dg. 

Proof. Starting from Lemma 14.71 and plugging in (|2.3p yields 


□ 


{d^{g,h,0,a))^, = 


9 - 




5 log 


detfi-Q, 


J ij 


= ddl UJr 




2 det h 

— a/ 1 {9iq,pj A \/ l^CXi^qpj Ctq^ipj) 9jq,pi \/ l[oij^qpi ^q,jpi)) 

A 5a 9ol^ [(5rrn,i “1“ ’'J 1 ipr^mi Cyrn^ri}') i^9jq,p A 'v/ ^q,pj')^ 

(^9rm,j A y/ ^{otrpnj CX.rn,rj)') (^9iq,p A \/ 1 ioti^p 

= i^^)ij;qp + 9^^ (9iq,pj - 9jq,pi) 

9% 9a.^ \_9rfri,i9jq,p ^\/~^9rfri,i{^j,qp ~l~ "x/ ^9jq,p{.^r,fni ^rn.,ri) 

9rWij9iq,p \/ ^9rrn,j {^i,qp C^q,ip) \/ ^9iq,p{.^rpnj ^rn^rj) 

^rpni^j,qp + ^r,mi^q,pj + ^m^ri^j,qp ^m,ri^q,pj 

~\~^rpnj^i,qp ^rpnj^q,ip ^rn.,rj^i^qp “ 1 “ 

= 9f {d^)ij;qp 

“t“ ^9^ 9a^ [^r,rnj^i,qp ^7n,ri^j,qp ^r,rnj^q,ip ^r,rni^j,qp ^r,fni^q,pj ^7n,rjC^i,qp] 

+ [ 9 ^ {9iq,pj ~ 9jq,pi)] 

“t“ ^9a 9a^ \_9rWi,i9jq,p ^9rrn,i {^j,qp ^q-,pj') ^9jq,p(.^rpni (^rn,ri^ 

9rrn,j9iq^p x/ ^9r7n,j {^i,qp ^q,ip) V ^9iq ^pi^Oir^mj Q^m,rj)] • 
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Now comparing against the result of Lemma 14.61 yields 

~ [^ga^^]ij + 9^9a [9is,p{da)rj;q + gjs,p{da)ir;q] + \/~l [g^ {9iq,pj ~ 9jq,pi)] 

“1“ ^9a 9a^ \^9rrn,i9jq,p ^9rrri,i (.^j,qp ^q,pj) a/ ^9jq,p{^r,rni C^Tn,ri) 

9rm,j9iq,p 'v/ ^9rrn,j {o'i,qp CX.q,ip) ^9iq,p(.^r,mj •Tm,rj)] ■ 

It remains to identify the lower order terms. First, we relabel indices and combine three of the 
terms to yield 

V^9 5*9,pi 9jq,pi~^9a {9pm,i9jq,l 9pm,jgiq,l) 

~ ~^9^ dp{~'/^^Tjiq) + g^ {9prn,i9jq,l ~ 9pm,j9iq,l) 

= V^gf + {r%{-V^Tirq) + (T%{-V^Tqlq) + g^\gprn,^9rq,l - 9pln,j9iq,l) 

= '^p{-V^Tjiq) + {gjrn,p + \^dp{aj^rn: “ amj)) {9iq,l - 9lq,i) 

~^9a {9irn,p V l5p(crj^m: i9lq,j 9jq,l) 

+9 a {9pm,i9jq,l 9pm,j9iq,l 

— g'a’ ^p'^ijq 9a ii^jpnp CXm,jp}{9iq,l 9lq,i) ioii,rnp 0!rn,ip){9lq,j 9jq,l)) 

Inserting this identity into the calculation above, it remains to identify the terms of type dg-kd^a. 
These are, after relabeling indices, 

dg -k d Ot — g'^g^ [9irn,pi^j,lq ^l,jq) T 9jrn,pip^l,iq CYi,lq') 9prn,i{(^j,ql ^q,lj) 

9jq,li^p,mi ^rn,pi) T 9pm,j{,^i,ql ^q,il) T 9iq,l(.^p,'Tnj ^rn,pj) 

{(^j,rnp giq,i) {p^i,rnp ^rn,ip)^9lq,j 9jq,l)\ 

~ 9^9a [9irn,p(^j,lq ~ 9irn,p^l,jq + 9j m^p^l^iq 9jm^pC^i,lq Qpm^i^^j^ql H“ 9pm^i^q,lj 
9jq,l^p,rni H“ 9jq^l^rn,pi 9pra^j^i^ql 9prnJ^q,il 9iq,l^p,fnj 9iq^l^rri^pj 

9iq,l^j,rnp 9lq^i^j,rnp 9iq,l^fnjp 9lq,i^rnjp 

9lqJ^i,fnp 9jqjl^ipnp 9lq,j^fn,ip 9jq,l^fn,ip] 

20 

= E-^- 

i=l 

= 0 , 

where the penultimate line defines the terms Ai in the order they appear, and the final line follows 
from the cancellations Ai + ^13 = A2 + An = ^3 + T7 = ^4 + ^ig = ^5 + ^14 = Aq + Aiq = 
Tg + A20 = ^9 + Ti 7 = Tio + Ti9 = Ti2 + Ti5 = 0. The lemma follows. □ 

Proposition 4.9. Let {M‘^^, gt, J) be a solution to pluriclosed flow. Fix background data gt,h,n 
and a solution at to 113.2\) . Then 

^da = Ag^da - iig^ + dg, 

r\ 

= ^ga ~ |VcIap — |VcIa|^ — 2 {Q, ii da ® da) — 2$R (tr^^ V®“T^ + dg, da) . 

Proof. The first equation follows directly from Lemma 14.81 The second equation follows from the 
first and Lemma 14.31 □ 
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Proposition 4.10. Let (M^”, gt, J) be a solution to pluriclosed flow. Fix background data gt^h,g. = 
0 and a solution at to Suppose furthermore that 

dujt = dujQ = dg. 


Let (j) = da — g. Then 

- A,,) \4>\^= -\Vcf\ -\Tgf-2 {Q, 

Proof. We observe that 

= d^^pddjijq = p^qhij = ^gaVij ■ 

Thus using Proposition 14.91 and the assumption that g = 0 we obtain 

d d 

di^ = = Ag^da - iig = Ag^ {da - g) = Ag^cf. 

This yields the hrst claimed equation, and then the second follows from Lemma 14.31 and the fact 
that 


V 0 = d(f> = d {da — g) = —Tg^. 


□ 


5. Evans-Krylov Regularity 

In this section we prove Theorem 11.71 As explained in the introduction, the idea is to consider 
a special matrix W defined using a nonlinear combination of first derivatives of a (see Definition 
[Q]). The matrix W has two crucial properties which are used in Theorem 1 1.71 First, for any choice 
of a, W has unit determinant (Lemma 15.4p . Second, W{at) is a matrix subsolution to a linear 
uniformly parabolic equation along the pluriclosed flow. This is proved in Proposition 15.111 after a 
long series of tedious calculations. Using these two crucial properties we establish Theorem 11.71 bv 
adapting the method of Evans-Krylov. 

5.1. Setup. In analogy with the cone of positivity of Definition [221 we define a class of (1,0)-forms 
which corresponds to uniformly parabolic solutions of pluriclosed flow. 

Definition 5.1. Given a domain U x [a,b] C C” x M, let uj denote the standard flat Kahler form 
on C"" and let 

= {a : [a, 5] — T{A^’^{U)) \ Vt € [a,b], Xoj < {dat + dfaf) < Aw, \da\^ < A}. 
Moreover, given a G let = \/~l {da + da), with corresponding metric coefficients 



When some a is given we will frequently drop the dependence of 5 on a in the notation. At various 
points for notational simplicity we set fdij = y/—Idatj, flj = g^’^flik- 

Definition 5.2. Given a G let 

g{j + daipdaj^g^P '/^daipg^p\ _ fgij + PI\ 

-y/^Waj-g^’^ g'^^ J /3| g^^ j ' 


W = 





18 


JEFFREY STREETS 


Remark 5.3. This matrix W can be interpreted as the natural “Born-Infeld” metric on the split 
tangent bundle T QT*, where da is playing the role of the skew-symmetric “b-field.” This metric 
first arose through investigations into mathematical physics |33l 145] , Later, investigations into 
generalized Kahler geometry [211 I18| identified natural geometric interpretations of this object, 
called a generalized metric on T 0 T*. Previously in joint work with Tian [38] we had shown that 
the pluriclosed flow is diffeomorphism-equivalent to the renormalization group flow arising from 
a nonlinear sigma model coupled to a b-field. Moreover, in [39] the author and Tian exhibited 
that the pluriclosed flow preserves generalized Kahler geometry in the appropriate sense. These 
connections between the pluriclosed flow and super symmetry/generalized Kahler geometry inspired 
the choice of matrix W, which can be shown to obey a remarkable differential inequality which lies 
at the heart of Theorem O 

Lemma 5.4. Given a E such that (da + da) > 0, one has det W(a) = 1. 


Proof. First recall the block determinant formula 


det 


A B 
C D 


deiDdei{A- BD-^C). 


Using this we compute 


detlK= det 5 Met 5 - 0 da^pda^^g'^P - 

= det g~^ det g 

= 1 . 


□ 

Next we derive the evolution equation for a along a solution to the pluriclosed flow in this setting. 
Using Lemma 13.51 we observe that 


Ha), = g^’^ 


“1. ~ X I ifc + 


%3k 2 \ ^ 


k,ji 


Thus in this setting the pluriclosed flow reduces to 


(5.2) 


dt 


a, = g^’" 


Jfc - 2 \H,ik + "fcj* 


5.2. Differential Inequalities. In this subsection we establish in Proposition 15.111 that along a 
solution to (|5.2I) . W{at) is a matrix subsolution to a uniformly parabolic equation. This fact is 
central to the proof of Theorem 11.71 and follows from a lengthy calculation broken up into a series 
of lemmas below. 


Lemma 5.5. Given the setup above, 
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Proof. We compute 


d^9ij V 1 ^j,i 


Jk 


9 ( ^i,ik o (+ ^k,li 


^i,lkj °‘j,ikl 


= V^ 

= V^9^^ 

- '^9%, JS* 

= ■ 


i ^hlk 2 


a. 


■i,lk 9 ( “Z,ifc + “fc,Zi 


+ ^g^Vg M 


^j,ik 2 


^i,jkl ^j,ikl 


- 9^^9‘^^ {ap,qi - aq,pi) 

= V^9^’‘ 


+ q^Pq‘1’^ fa -- - a- 

-ry y ['^p,qj ^q,pqJ 

^J,lk - 2 {^l,jk + "fc,Zi 


^i,lk 2 ^k,li 


+ 9^9' 


,lp,,qk 


^i,jkl ^j,ikl 

11 11 

^p,qj^i~lk ~ '2^P,qj^l,ik ~ 2^P,qj^k~li ~ ^q,pj'^ijk 2'^q,pj^i,ik 2^q,pj'^k~li 

11 11' 
—Ctp,qi<^-j^kl + 2^P,V^kJl + 2“P’^*“iA:7 ~ 2^g,P^^k,Jl ~ 2^'^^pi^l,k~j 

12 


= '/^9 


Ik 


^i,jkl ^j,ikl 


+ ^^i. 


2=1 


We observe that A 2 = j4ii, ^3 + ^48 = 0 , + j 4 i 2 = 0,Aq = Ag, finishing the result. 


□ 


Lemma 5.6. Given the setup above, 






^q,Pj ^hPq) y^k,li ^i,lk) + \^i,ql ^q,il) \^j,kp ^k,jp 


Proof. First we compute using Lemma 15.51 


1’*' = 


9''9i-j9^'' 




g-^^g^rglPg-qk 


^i,jkl ^j,ikl 


^P,qj^i,lk ^p,qj^l,ik ^q,pj^i,lk + ^q,pj^k,li ^P,qi^j,kl + ^q,pi^j,kl 
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Next we observe 

= 9“ [/I,,; 

= 9“ j 

= 9“ [9”9,E.i9“9ij,t9'’’' - + <j'“grj,J‘‘aaijif"_ 

= - y^9“9*9'' [a,jE! - aj,«i] - 9“9“9“9?' (a.,H - (a^j, - «j,e) 

- 9'VyV’’ (ttiji - aj,ji) (a^jl - Oj.;) 

= - eTT 9“9“9’'' - Oj,iS 

/ ft 07 7 7^ 

-5 5 5 5^ 

Combining the two calculations above yields 

5 =— 55 ^ 9^9^ ^p,qj^i~lk ~ %,qj^l,ik ~ ^q,pj^i~lk + ^q,pj^k~li ~ ^P,qi^'j,kl + 

+ 9^’" 9 "''9^9^"^ Jfc - «a,W«7,*fc - Jfc + 

+ 5'^5**5^“5^’' Jfc«a,W - (^i3k(^b,ai - »3,ik^aM + ^-j,ik<^b,aT 

14 

= E-^- 

i=l 

We observe the cancellations Ai + An = A 2 + A 13 = Ag + A 14 = 0, leaving 

(I - 

= - 9 ""9^"9^^9^’" [-«<?,- ^P,qi^3,ki_ 

+ 5'^5'“5'’*5^’’ Jfc - - «b,aZ«*Jfc + %a!(^j,ik 

I J.k /si „ja J>r 

+ 9 9 9-^9 

= 5"*5-^’’5'^5‘'^ Jfc “ ^q,pl^k;ii + ^P,qi»^,kl + ^i,ql^kjp 

~^i,'fl^l,kp ~ ^q,fl^kjp ^q,il^3,kp ~ ^i^qP^j,kJ 
= - 9 ""9^"9^^9^^ [(ag,p7 - aj.pg) (a^j^ - «• j;-) + •;) , 

as claimed. □ 

Lemma 5.7. Given the setup above, 

\/^5anD = g~^9^ ^piq'v^ujk ~ ^p!q^^i,uk ~ ^q^pv^ujk + ^q,P'>}^k,iu ~ ^p,qu^v,ik + ^q,pu^v,ik > 
{—V—idam) = 9^9^ '^pm^vjk ~ ^p,W^l,kv ~ ^q,pu(^v,ik + ^q,puO‘k,vl ~ ^pM^^uilk + ^q^p^^uiik ■ 
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Proof. First we compute 
^gc.'/^daurg'''' = 9^'" {V^daurg'''') ifi 

= ^g^^ + doiurig^M 

= [./^daur] + ^/^daur^g^g^^ 

+ - {oiu,rk - ar,uk) - (a«,w - o:^^ul)9''^9pq,kg'‘'' 

= Ag^ [./^daur] + ^daurAg^g^^ 

+ 99 ^g^ {cx-u,rk — 0!r,uk) {^p,ql ~ + {f^u,rJ ~ ^r,ul) i^P,qk “ «g,pfc) • 
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Using this in conjunction with Lemmas 15.6115.71 we yield 

d 


dt 


^9a ) ^doiurS 


d \ 

^ “ ^ga j V—^daur 


9 + [v^ ^daur\ ( ] 9 


d 


9 ^^g^Vggr 


{oiu,rk (^r,uk) [oipqi ^r,ul) (^P,gk «ij,pfc) 




'^P,grOlu,lk ^P,grOil,uk ^g,P'r^u,lk + ^g,P'r^k,lu ^P,gu^r,lk + ^g,pu^r,lk 




^i,lk 


^q,pl ~ ^l,pq) Wkji - Ti, I + I a, -7 - a- ,7) ( a- 


i,ql ^q,il I \ Jjfcp ^k,jp 


9lk9-spg-qr 


{oiu,rk Oir^uk) \^p,ql ^q,pl) + \^u,rl ^r,ul ) i^P,gk 0:q,pk) 




q,pq 


nn ^j,pq) \^k,li ^i,lk I Otn i] ) I 0^1 hn Oih 4, 


i,ql ^q,il) \ ^j,kp ^f^jp 


+ gikg-^Pgqr 


^k,qpC>i^l^ 0-k,qp0ii,^j. ^q,kpOi^i^ + 0‘q,kp0l^i^ ^k,quOtpi^ + Oiq,ku^p,lr 


Oiu,rk(^p-qi + Oiu,rkOl^^pi + Oir,ukOip^^i Oir,ukOigpi 
~^u,rl^P,qk + '^u,rl^q,pk + ^r,ul^P,qk ~ ^r,ul^q,pk 




^q^pj ^j:Pq) \^k,li ^i,lk I I />; CX-r, 41 1 I OL- 


-a.-\ 


i,ql '^q,ilj \^j,kp ^kjpj 


14 




2=1 


We observe the cancellations ^3 + ^12 = A 4 + A 14 = A 5 + A 13 = 0, and apply further simplifications 
to yield 

4 : - V^dc 


~yo,j V-WaurQ' 


oitt - 07 a, 7 , - a, 71. + a, -7 - a- ,7 07 - a 


+ g 1 f^g-^Pg^r 


q^PJ "'hPqJ \ k,li i,lk 

^k,qpOi^J^ — Oik,qpOi-ipj^j. + CXq,kuOipJ^ — Oiu,rkOip-^i 
~^(^u,rkOiq p-i + Otr,uk(^p;qi ~ Otr^ukO^g^pJ ~ '^u,rT^P,qk 


i,ql ^q,il I \ ^j,kp ^k,jp 


= - Pig""9^^9^^ [(og.pj - ot-^ p-j 

+ g'''" 9 "^ 9 '^"' {otr^uk - au,rk) {otp^g-i “ + 

= - 


Or 14 o,. ,i, ) + ( a^-i a-^i j [^cxj j^p oikjp 


+ gl>^g^PgW 


qp Oipqk) 

icxq,kv — Otv^kq) [^CXr~lp ~ ^p~lr j + (“p,gl ~ ^q,pi ) “ Or,7Jfc) 

^ujr ~ ^l,ur) {^k,qp “ CXp,qk) 


{oir,uk Oiu,rk) [p^p^ql ^q,pl) + 

— 9 9 ^ 9 "^ [(Ou,rfc ^r,uk) Pu ^^v,rk O^^tj^JJ ^O^ —| ^q,pl 

y^ujr ~ *^J,ur) + Pu {^yi ~ <^J,rv) i^k,qp — CXp,qk) , 


+ glkg,pgqr 


as required. 


□ 
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Lemma 5.9. Given the setup above, 

{daarg^^da--^) 

= - (a^j. - - a--j) 

- g g io!a,rk — Oir,ak) (ciis,U ~ ^b,sl) + (“a,rl “ “r,al) {^s,bk ~ ^b,sk) 

- y/ — lda--j^g' g ^g^ ^k,qpCX-aJr ~ ~ 

+Ota,rk(^q^fl + CX.r,akC^p^-fi “ Olr,akOi-^^pJ “ 

^doiarg g ^g^ ^P^^^'sibi ^PiQ^^b,sl ^^tP^^s,bl 

+“g,pl“fe,sfc “ ^J,pq^b,sk + ^J,pq^k,bs ~ %,Tb^Q,sk ■ 

Proof. We first of all compute 

= [daarg''''] '^sb + [daarg^'') ,fc (^)sfej + 5'^^ (^hb,k 

= Ag^ [Saarff*"'] ^s6 + (SaarS'^"') ^gj^l 

+ 5 '^/" [(«„,,fc - - «b,sl) + («a,rl - «r-,al) («s,bfc " «Mfc) 

- daard’^g^^gpq^kg^^ (a-^i - a-^^--^ - daard^g~^^gpgjg^'' 

= Ag^ [daarg''''] da-sb + (SOarS'^'') ^gc'^sb 

+ g~ g {ota,rk — ar,ak) (^Oi-u “ + (f^apl ~ '^r,al) if^^fk ~ '^b,sk) 

V ^dotard g ^g'^ {pp,qk ^q,pk) (f^sfi 

- V^daarg^’^g'^Pg^'' (a-^ - . 

Also we have the basic calculation 

{daarg^^da--^) 

= ^ (5aar/") 5a-^ + (Saar/O (5aa,/"^-5) 

^ + (\/^9aar/0 i-^/^^sb) 

+ [(Ag„5aarff*0 ^sb + ^gj^sb “ (5aar5"’’^sfe)] 

= i?! + £^2 + -Ea. 
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Using Lemma 15.81 we compute 

E^= - daarda--^g^^<f'^g^Pg^^ 


^q,P3 ^hpq 


li ^idkl i Til ill i^iJc.r) ^hi' 


i,ql 


q,il) \ hkp 


k,jp 


^k,qpOia,lr ^k,qpOii^ar + ^q,ka^p,lr ^o-,rk<^p^qi 
+Ota,rkOi-^^pJ + <^r,akOipqJ — Otr^akOtqpJ — Oia,rl.^P,qk ■ 

Also using Lemma 15.71 we have 


E2 = ^daarg^^g^^g^'^ 


^P,qsOtb,lk ^P,qs(^l,kb ^q,ps^b,lk + ^q,ps^k,bl %,qb'^s,lk + ^q,pb^,lk 


Also from the calculation above we have 

Ak Jsr 


^a,rl ^r,al 


^3 — g g {p^a,rk 0!r,ak) y^s^bl ^b,slj 

+ V—^dUarg" g ^g^ {cip,qk ~ Oiq,pk) ~ ^b,sl 

+ yfAdaarg^’^g^'^g'^'’ a 


^s,bk ^b,sk 


= 


'p,ql ^q,pl) y^s,bk ^b,sk 
{ota,rk — Oir,ak) {c^sM ~ ^b,sl) 


®a,rZ ^r,al 


^s,bk ^b,sk 




s,bl ^b,sl 

<^p,qkOi-gj^l — Oip^qkO^l-fi — OLq,pkO<-gj;i + Otq,pk(^l-fi 


+“p,gZ%,bfc ^p,ql^b,Sk ^q,pl'^s,bk + ^q,pl^b,sk 


Collecting these calculations and relabeling indices yields 

A-A 

dt 


{daarg''''da--^) 

= -daarda^ig^^A^g^^g^’^ 


^q^pj ^jtPq) \^k,li ^i,lkl { ^i-nl ^nil) (^i.kn ^k.i 


glkgsr 


{ota,rk Oir^ak) (oi-gfil ^b,sl) + i^a,rl 


a 


'r,al 


i,ql '^q,il) \^j,kp ^k,jp 


^s,bk ^b,sk 


V ^^Aa-f^g g ^g^ ^k,qpOia,lr ^k,qp'^i^ar + ^qM^p,lr ^a,rkOip^qi 

+Oia,rkC>-q^pl + Oir,akOip-qi — Olr,akOi-^^pi — Oia,r~l^P^qk 


+ V^daarg^A~^^g~^^ 


(^p,qkOlgbl (^p,qkO:b,sl ^q,pk^s,bl + ^q,pk^b,sl 


+“p,qZ“s,fefc “ ^p,-ql^b,sk ~ ^q,p~l^sfik + ^q,p~l^b,sk 

+“pjg“b,sfc “ ^p,Jq^s,kb ~ ^J,pq^b,sk + ^J,pq^k,bs ~ '^p,Tb^q,sk + ^l^pb^q,sk 

Let US label the final 14 terms above as ^-s usual. Then observe the cancellations A 5 +A 10 = 

Ag + Ag = A 7 + Ai 4 = 0. The result follows. □ 


Lemma 5.10. Given the setup above, 

[dal - 5aar/"5a-^] 




^a,rl ^l,ar) \'^q,rl ^l,rq 


^b,sk '^k,sb) ^ Aq,sk Olk^sp) 


g g [(Oa.rfc Oir^ak) + Pa {oiq,rk Or.ijfc)] “s,m) + P^ (%,sZ ^s,ql 
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Proof. We combine the results of Lemmas 15.5115.91 First we rewrite the g terms. These 

take the form 


E = 


^p,gb^a,lk ^p,qb^l,ak %,pb'^a,lk + ^q,pb'^k,la + ^q,pa^b,kl 


+ 5V'’ 


{ota,rk Ctr,ak) j + ( “a,W ^r,al) {^^s,bk ^b,sk 


= 5 '"/" 


{oia,rk — Olr,ak) y^s,Fl ~ ^b,sl) + ^apl^sfk ~ ^a,fPb,sk ~ '^r,al^s,bk + ^r,al^b,sk 
~^^k,sb^aflr ~ ^k,sb^~l,ar ~ ^s,kb^a,~lr + '^s,kh^rfla ~ ^k;saOtl^fi + ^s,ka^b,rl 

{aa,rk — Oir,ak) “ “mO ~ ^a,rT^b,sk + ^k,sb^aflr ~ ^k,sb^l,ar + ^sM^b,rl 


= 5 '"/" 


= 5 '"/" 


(aa,rfc ar,afc) ( ^b,sl) (“a,ri “z,ar ) ( “6,sfc ^k,sb 


= -5V’’ 


(«a,rfc ^r,ak)\Otugi Cto.w ) + ( «a.rZ ®Z, 


^a,r/ ^l^ar J \^b,sk ^k,sb 


This yields 


^ - ^ 9 . j kb - 


“i,Zcp “fcj; 


^jm) '^i,lk) ^q,il 

— 99 {ota,rk — Oir^ak) (f^b,sJ ~ ^s,u) + (“a,rl “ “z,ar) (“F^Zc “ “fc,sb 

+ V — l9agl9~ 9 ^9^ ^k,qpO(^-ij. — Olk,qpOl-i^^.^ + a-q^kaOipJj. — Ota,rkOip.^i 

+Clia,rkOiq pl + Ctr,akCtp^-fi “ Oir,ak<y-q pi — Cta,rl^P^Qk 

^^^ar9 9 ^ 9 '^ ^P^qkOlg ]^ ^PtqkOib gJ ^g<pk^g^F ^QtPk^b^gl 

+“q,pZ“b,sfc “ ^~l,pq^b,sk + ^~l,pq^k,bs ~ “p.Zb^g.^Zc 
= - daarda^gg^^g^^g^Pg'3’^ [( 0 ;^ j. - a-- a- fi j i^aj ,^p - a,^jp 


91 k 9Sr 


{oia,rk Oir,ak) %,bz) + (“a,rZ “z,ar) (“Z),sZc “fc,sZ)) 


{oik,qp 0!p,qk) (f^a,lr ^l,ar) + i^a,rk (^r,ak){oiqpi ^p^ql) 


pV^l^^-J’^g'^Pg' 

~ '/~^daar9~ 9 ^9^ {ctp,qk “ Oiq,pk){oisfii “ <^b,sd + (“6,sfc “ ^k,sb)('^q,p~l ~ ^~l,p'^ 


= 

i=l 

We combine terms, relabeling indices to yield 
Ai + A4 + ^45 + A% 

= - ^ar'^b-s9~""9^"9^^9^^ (ag,pj - {akji - ^ijk 

+ i(^k,qp - ap^qk) (a^;ir - ^lar) " l^arg^^9^^9^"{airsk " ^k,sb)i^q,pi " %pq 


- ( a„,H - « 


l,arj \*^b,sk ^k,sb 


^ ^“a,rZ “Z,ar) + /^a (“q.rZ “z,rg) (“b.sfc “fe,sZ)) + {<^q,sk Otk,sp) 
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Similarly we compute 

^2 + ^3 + ^6 + ^7 
Q- n'^'^ rJP 


= - - a- u j ( aj j - (a^^rk - «r,afc) ia-b,s-i - %,: 


+ /hsy^9'^''i<^Ci,rk - Oir,ak){aq^fi “ ap^gj) “ l^arg g^^g'^'"{ap,qk “ 0:q,pk){a^;bl “ “b,sl) 

«b,a - + Pi f«o.«z - «: 


^g,sZ '^s,ql 


— g g [(cta,rA: 0!r,ak) “ 1 “ Pa i^q,rk Q^r,gZc)] 

The result follows. □ 

Proposition 5.11. Let at be a solution of if 5.^) such that y/—l(da + da) > 0 for all t. Then 

I - Aj.) W(at) < 0. 

Proof. As the calculations above are in an arbitrary coordinate basis, given a vector v = {vi,V 2 ) & 
ri’ 0 c 2 ” we can extend it to a coordinate basis and apply Lemmas 15.6115.81 and 15.101 to yield 






{v,v) 


^q,pj (f^k,li ^i,lk) + (“i,gZ “g,iz) (f^j,kp ^k,jp) 




a. 1 — OLi 
vi^rl l,vir 


+ /5pi - %rq 

9 9 [(c^i;i,rfc “1“ Pvi {^q,rk Q^r,gfc)] 


[(Q^i;i,sfc ^k,svi) “1“ {^q,sk 


a- -7 — a__ 7 1 + /3- (a -1 — a- 

vi,sl s,vil I ' \ n.sl. 


VI \^q,sl 


i— 1 

s,ql 


- g^’^g^'^^g'^'' [{avt,rk - ar^v^k) + Pt., {as,rk - ar,szc)] [ap fi - a-pj] + conj 




^vi,lr “z,Dir j +/^■yi ( “s,rZ “z,^^j i^k,qp ap.ijfc) + COnj 


= E-^i. 

i=l 

where we have labeled each term, including the conjugate terms. Using the Canchy-Schwarz in¬ 
equality we conclude 


d-5 + Ag < A 4 -|- A' 


A 7 -I- Ag < Ai -|- A 3 . 


□ 


We now rewrite these estimates in a different framework. In particular, we note that the matrix 
W only involves the “gauge-invariant” quantities g and (3, subject to the integrability condition 
duj = 9/3, or, in coordinates. 


(5.3) 


Pij,k 9ik,j 9jk,i 


To that end the entire discussion can be expressed using these quantities, as we now observe. In 
particular, one can reinterpret the evolution equations above as the system 


9 


dt I 


9 


- Ap ) 5,7 = - g^^g^^ 


gnm,igpj^q + gnm,j9iq,p 9pq,ignm,j 


^9 ) Pd ~ g'^^g [gis,p^rj,q + gjs,p/3ir,q] ■ 


(5.4) 
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Lemma 5.12. Let be a solution to a satisfying \5.3\) . Then 

^ “ ^3^ [dab ~ 

.9al,r + ^aPq~l,r) + {Par,k + Pa9qr,k) (f^bs~l 




d 


dt 
d A 
8t 


i - A J S"- = - 9*/’-9V'= ( + 9.5,!9;^, J , 


« = - 9“/'’s’’' [Ar,i + 9„, i + \ggi, + &n 


Pkp,q- 


Proposition 5.13. Let {gt,Pt) be a solution to jS.fD satisfying 115.3\) . Let W{g,(5) be given by 
Definition \5.S[ Then 

(^-A») w{aJ)<o. 

5.3. Proof of Theorem 11.71 In this subsection we establish the Evans-Krylov estimate for the 
pluriclosed flow. The structure of the proof exploits ideas similar to those of ([40] Theorem 1.1), 
which themselves are closely modeled after the proof of Evans-Krylov. The main step is to establish 
C" regularity of W for a uniformly parabolic solution to (|5.2p . after which Theorem oi follows 
from Schauder estimates and blowup arguments. The proof is closely modeled after ( |28j Lemma 
14.6), relying crucially on Lemma 15.41 and Proposition 15.111 To begin we recall some standard 
notation and results. 


Definition 5.14. Given {w,s) E C"" x M, let 

Qdw, s),R) := {( 2 ;, t) E C"" X M| t < s, max{| 2 ; — — s|2}<i2} 

e{R) := Q{{w,s -4R‘^),R). 

Theorem 5.15. f |28j Theorem 7.37) Let u be a nonnegative function on Q{4:R) such that 

-ut + a7^Uij < 0 , 

where 

XS) < < A5i 

There are positive constants C,p> 1 depending only on n,A,A such that 


(5.5) 


R 


—n—2 


le{R) 


/ < C inf u. 

/ Q{R) 


Proposition 5.16. Suppose a E satisfies There are positive constants 7 , G depending 

only on n, A, A such that for all p < R, 


oscq(p) 1K < C'(n,A,A) oscq(k) IK. 


Proof. Note that the logdet operator is (A, A) elliptic on a convex set containing the range of W. 
Using this and Lemma [5.41 shows that for any two points (x, ti), (y, ^ 2 ) £ Q(4ii) there exists a 
matrix a*-^ , Xdj < aP < Ad^ such that 

0 = log det W (x, ti) — log det W (y, 12 ) 
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It follows from ([28] Lemma 14.5) that we can choose unit vectors Va and functions /„ = fa{{x, ti), (y, t 2 )), 
such that 

_ N _ 

a=l 

and moreover A* < /« < A*, where A*, A* only depend on A, A. Now let Wa ■= Then (15.6p 

reads 

(5.7) fa {Wa{y, t 2 ) - Wa{x, ti)) = 0. 

Let 


Msa= sup tCa, rUsa = inf Wa, P{sR) =y^Msa - fUga- 

Q{sR) Qi^R) „ 

Observe using Proposition 15.111 that every M 2 a — Wa is a supersolution to a uniformly parabolic 
equation. Thus by Theorem 15.151 we conclude 


(5.8) 


R 


—n—2 


le{R) 


{M2a-Wa)n <C{M2a-Ma). 


Now observe that dSZI) yields for every pair (x,ti), (y, ^ 2 ) £ Q{‘^R), 

fa {Wa{y,t2) - Wa{x,ti)) = ^ //3 {wp{x,ti) - 'U;^(y,t2)) • 

p^a 

It follows directly that 

Wa{y,t2) - m2a < C ^ 2/3 “ Wp{y,t2)- 

p^a 

Integrating this over 0(7?), applying Minkowski’s inequality and (|5.8I) yields 


R 


—n—2 


/ {Wa - m2a) 
Je{R) 


P] < \ CR 


—n—2 


(5.9) 


< 


[ ( M 2/3 - 

■’'©(«) \^a 

/ iM2p-wpy 

\ Je(R) 


<cY,M2p- Mp. 

p^a 

Now we use (|5.8p and (15.911 and Minkowski’s inequality to yield 


M2P — 7712/3 = ( 7 ? " ^ / {M2P — 7772/3) 

V 7e(R) 


= R 


—n—2 


< CY,M2a-Ma 


{M 2 P - 777/3 + ( 777/3 - 7772 / 3 ))^ 


<77^ M2a - Ma +ma- 7772q, 
a 

= C {P{2R) - P{R)). 
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Summing over /3 and rearranging yields for some constant 0 < /U < 1 the inequality 

P{R) < fxP{2R). 

A standard iteration argument now yields the statement of the theorem. □ 

Proposition 15.161 is the crucial point in establishing Theorem 11.71 To use it we first obtain a (7“ 
estimate on the metric, and then employ blowup arguments. 

Corollary 5.17. Suppose a € satisfies There are positive constants 7,(7 depending 

only on n, A, A such 

lfl'alc7(Q(l)) ^ C. 

Proof. A standard argument using Proposition 15.16] shows that for a solution a. as in the statement, 
there are constants 7 , (7 depending on n, A, A such that |bP|c 7 (Q(i)) — ^■ Examining the lower right 
block of IT, this yields a C'^ estimate for g~^. Using this and looking at the upper right and lower 
left blocks of IT yields a estimate for da. Finally, combining these estimates and considering 
the upper left block of W yields a estimate for g, as required. □ 

Next we bootstrap these estimates to get higher regularity for the metric. Since equation (15.2p is 
degenerate parabolic, we need to use the induced equation on the metric, which is strictly parabolic. 
To that end, for a Hermitian manifold (M^, J,g), let h denote an auxiliary Hermitian metric, which 
in local calculations we will take to be a flat metric, and let T(g, h) = Vg — V/^ be the difference of 
the two Chern connections. Furthermore, let 

k 

fk = fk{9,h) :='£\VlT{g,h)\^ . 
j=0 

We now state a basic smoothing estimate. 

Lemma 5.18. Fix constants X,A,K, and let gt be a solution to pluriclosed flow on Br{0) x [0,T] 
such that 

XgE<g<AgE, sup fi{x,t) < K. 

Brx[0,T] 

Given k gN, there exists C = C{R,T, X, A, K) such that 

sup fk{x,t)<C. 

Proof. We recall that in complex coordinates the pluriclosed flow equation can be expressed as 

d lu on 

■^^9ij = 9 9ij,k-i + d9*dg. 

Since an estimate on fi implies a (7^ estimate for the metric itself, the lemma follows in a standard 
way using cutoff functions and Schauder estimates m Theorem 4.9). □ 

Proposition 5.19. Suppose a G ^q^ 2 ) (E3). Given A: G N, there exists C = C{n,X,A,k) 

such that 

sup fk{9a) < <7. 

0 ( 1 ) 

Proof. We use a blowup/contradiction argument. Fix constants A, A, A:, 7 as in the statement and 
suppose the statement were false. Choose a sequence of solutions {al} as in the statement satisfying 
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the hypotheses, but for which there exists a sequence A* —>■ oo together with points {xi,ti) G Q (1) 
such that 


— f kidii • 


We now claim that for i sufficiently large there exists a new point Xi,ti such that 
(5.10) (xiji) e Q , Xi ■= fk{gi,Xi,ti) > Xi, _sup ^ /fc < 2Ai. 

To show this we make an inductive choice of points. Fix some i, and let {yo, sq) = {xi,ti). By con¬ 
struction (yo) So) satisfies the first two conditions of (|5.10p . Given now some point {yj, Sj) satisfying 
the first two conditions of (|5.10p . if it satishes the third condition we set ixi, ti) = {yj,Sj). Other¬ 
wise, set fij = fk{9i,yj,Sj) and choose {yj+i,Sj+i) G Q{yJ^,yj,Sj) such that fk{gi,yj+i,Sj+i) > 
2yj. Note that by construction, for any j we have 

N oo 

|siv| < 1 + ^ < 1 + Aj ^ ^2 -^ < |- 

j=i i=i 

for Aj sufficiently large. A similar estimate shows that \y]^\ < | for any N. Thus our inductive 
choice is well-defined, and since the solution is smooth this process terminates at some finite N, 
finishing the proof of the claim. 

We rescale around these points to finish the argument. In particular, let us simplify notation 
and consider triples {gi,Xi,ti) of solutions dehned on Q{2) with the points {xi,ti) G Q(|), and 
Xi = fk{gi,Xi,ti) ^ oo, and finally 


Now let 


sup fk < 2Xi. 


gi{x,t) = gi{xi + X^ ^x,t 


+ \ 


By construction each solution gt is defined on <5(1) with 

snpfkigi) = 1 . 

Q(i) 

By Lemma 15.181 we conclude that there exists a subsequence of gi converging in C°° to a limiting 
solution goo such that fk{goo, 0,0) = 1. But on the other hand by Corollary 15.171 we have an a priori 
G" estimate for the metrics gi at the points {xi,ti). After the blowup this implies that the metric 
goo is constant in space and time, and so in particular /^(yoojO, 0) = 0. This is a contradiction, 
finishing the proof. □ 


Corollary 5.20. Let at he a solution to 15.g|) on (— oo,0] x C" such that at G Tc",a,a for all 
t G (-00,0]. Then ^g^ = = 0. 

Proof. Suppose there exists a point such that |^ya| 7 ^ 0. By translating in space and time we can 
assume without loss of generality this point is (0,0). Fix some A > 0 and consider 

y{x,t) := A~^a{Ax, A?t). 

By direct calculation one verifies that /r is a solution to (|5.2I1 on (—oo, 0] x C” and moreover y G 
for all t G (—00,0]. Also observe that (0,0) = A |^ya| (0,0). For A chosen sufficiently large 

this contradicts the result of Proposition 15.191 finishing the proof. □ 
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Proof of Theorem [13 If the statement of the theorem is false, then there exists a sequence {{gl,al,gl,h 
of solutions such that go,g,h satisfy uniform geometric bounds (i.e. lower bounds on injectivity 
radii and uniform bounds on curvature and all covariant derivatives of curvature), but such that 
there exist points G Mi x [0,r), r < 1, such that 

Ufk{gu,h){xi) = sup tfkigt,h) ^ oo. 

Mi X [0,t) 

We now perform a blowup, aiming to get a contradiction to Proposition 15.191 Fix a constant ^ > 0, 
let Gi := fkigti,h){xi), and set 

Xi := . 

Due to the uniform estimates on the background data, we can choose a small radius R > 0 so 
that around each point {xi,ti) we have a normal coordinate chart for gi of radius R. Using these 
coordinates we define 

a'i{x,f) = X~^ai{xi + XiX,ti + Xjt), 

fiiix,t) = X~^iJ,i{xi +XiX,ti +X^t), 

g'i{x,t) = gi{xi + XixRi + Aft), 
hi{x,t) = hi{xi + XiX,ti + Aft). 

By simple computations one observes that the resulting blowup data still define a solution to reduced 
pluriclosed flow. We also observe by construction that for sufficiently large i each of the resulting 
blowup solutions exists on [—1,0] x ili(O). Also by construction, we obtain that for sufficiently 
large i, 

(5.11) fk{g'i,h'i){0,0) = A-^, sup fk{g',h)<2A-^. 

[-l,0]xBi{0) 

We observe by construction that {g'j} converges to the standard Euclidean metric on ili(O), constant 
in time. Moreover, the sequence {h[} will converge to a different, time-independent flat metric on 
Bi(0). 

We note that by the metric estimates, one has that {da'i) has uniform estimates along the 
sequence. We need to account for the gauge invariance to obtain a full estimate for a' however. 

We can choose a function /j E C°^{M) such that d*-, [a'(—1) -|- df] = 0. Moreover we can choose a 

constant (1,0) form r/j such that [a'(—1) -|- dfi + rji] (0, —1) = 0. Let 5'(t) = a((t) + dfi + gi. Using 
the evolution equation for and the estimates on fk, one obtains a C^~‘^ estimate on dpa^{t) and 

a estimate on on Bi{0) x [—1,0]. Using estimates coming from Hodge theory we obtain that 
{5'} converges subsequentially to a solution to (15.411 on [—1,0] x Bi{0) such that 

/fe(5oo,/ioo)(0,0) = A~^. 

For A chosen sufficiently small this contradicts Proposition 15.191 □ 

6. Global existence and convergence on nonpositively curved backgrounds 
In this section we first prove Theorem ll.81 and then use it and Theorem 1 1.71 to establish Theorem 

o 


6.1. Proof of Theorem 11.81 In this subsection we employ the evolution equations of SI to estab¬ 
lish Theorem ll.81 To begin we recall two evolution equations for pluriclosed flow from m- 
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Lemma 6.1. Let J) he a solution to pluriclosed flow, and let h denote another Hermitian 

metric on {M,J). Then 

4: - log = \T\^ - trg p{h). 


dt 


det h 


Proof. We directly compute using (|2.ip . 


9 ^ ^ det 5 _ -ji f d 


1 -Er.9 


dt det h 




= 9^^ - 9^^9^'^9^-s,p9r3r, + Qi] 


Also 


Alog^ll = S» 


det h 


log 


det g 
det h 


m 


= g^P 


= g^V 


nTn- -h^^h- 

9 9ij^p 'Lj^p 


J 


9^^9ij,pq - 9^'"9k-l,q9^"9ij,p - h^"K-j,pq + h^^Klqh^'h--j,p 


Combining the above calculations yields 




as required. 


□ 


Lemma 6.2. Let {M‘^"',gt, J) be a solution to pluriclosed flow, and let h denote another Hermitian 
metric on {M,J). Then 

trg/i = - \T{g,h)\l-i g-i ,,^ - {h,Q) + Llhio, g)- 


Proof. We directly compute 


9 ^ liu 

m '“‘J 




d 


dr 


= - 9^’^9^% 




9^^9,lpq - 9~^^9^^9k,,p9rlq + Qh 


On the other hand 

Atigh = g‘iP g^^hfj 
— rflP 


= 9^ 


J ,pq 

-<fl'^guiJ%-, + 9^%-. 


J .<? 


T 9klp9 9i] + 9^ ■~^J,p 

-9^^9klp9^"h{^g - g^^gklq9^"K-^^g + 


= g^^^ g^^gr,,q9^^guJ%j - g^^g.ip-qg^^Kj + g^^guipg'grsrqg^^fl 
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Combining the above calculations yields 
^ tr^ h = - 

9^^9klp9^"h.-^ - + - g^%- .. 


+ 9 


qp 


V,PQ 


-{h,Q), 


= - \'^{9,h)\l-i g.i f^- {h,Q) + nh{g,g). 

Proof of Theorem \l.fA Assuming the setup of the theorem, let 

^>(x, t) := 1 + tig h + log + 2 \da\^ . 

det h 

Combining Proposition 14.91 and Lemmas 16.2116.11 yields 

(I - a) $ = - |T(<7, - {h, Q) + n^ig, g) + \T\^ - tip p{h) 

-2\S/da\^ - 2\Vda\^ - A{Q,iv da ®da) + {iigS/T^g + dg,'M) 

We proceed to estimate the various terms above. First using the lower bound of the metric, 

^h{g,g) = 9''^<f\^^)fgki<C{iTghf < C{\,h,go). 

Similarly 

-trgp{h) <Ctrgh< C{X,h,go). 

Also we express 

4(trg^ VTg,^) = 45®Vg(rg),,g^^/*5''' 

= 4/V'5'''9% [{V\{Tg),j-g + T{g, h)T{Tg)rrq + T(ff, h)T{Tg),r-g . 
Then we estimate in a basis where h = Id and g is diagonalized. 


□ 




V -1 




g^Ng^\y%{Tg) 


py^gjijp 


< 4A 


-2 


|<9a|^ + 




h- 


< CiX,go,h)^. 

Also we have 

- \ + C{X,gQ,g)\da\^ 


A similar estimate yields 


{dp, da) < C{X,go,p)^. 
















34 


JEFFREY STREETS 


Next we observe that, using the Cauchy-Schwarz inequality and the lower bound on g, 

\T\^ = \doj\^ 

= I dda + dCb^ 

< 2\Vda\^ + 2\dCj\^ 

< 2 I V9a| + C. 

Also we observe that since Q > 0 we have — (h, Q) < 0, and — {Q,tvda (8* cla) < 0. Collecting the 
above estimates yields 

^> < C{\,g,h,g,gQ)^. 

By the maximum principle we conclude the result. □ 


6.2. Proof of Theorem 11.11 In this subsection we combine Theorem 11.71 Theorem 11.81 and 
further a priori estimates related to the Schwarz Lemma [l6] and the Calabi-Yau Theorem m to 
yield the long time existence and convergence results of Theorem 11.11 To begin we record a rigidity 
result which will be used in the end of the proof of Theorem 11.11 

Lemma 6.3. Let be a compact Hermitian manifold with p{h) < 0. Suppose g is a 

pluriclosed metric which is a steady soliton. Then g is a Calabi- Yau metric. 


Proof. As the metric is a soliton the pluriclosed evolution consists of pullback by a diffeomorphism 
generated by a vector field X. Thus by Lemma l6.II we have 

^ , detg d ^ det^ det^ , ,^,2 ^ a ^ ^et^f , ,^,2 


It follows from the strong maximum principle that |T|^ = 0, and therefore g is Kahler, and hence 
a compact steady Ricci soliton, which is an Einstein metric by [20]. Thus g is Kahler-Einstein. □ 


Lemma 6.4. Let {M‘^^,J,gt) be a solution to pluriclosed flow. Suppose there exists a Hermitian 
metric h on M with nonpositive bisectional curvature. Then 


sup tr^j h < suptr^Q h. 
Mx[0,T) M 


Proof. Inspecting the result of Lemma [6. 2 1 we note that the matrix Q is positive semidefinite, hence 
{h,Q) > 0. Also, by hypothesis h has nonpositive bisectional curvature, and hence Llh{9,9) < 0. 
The result thus follows from the maximum principle. □ 

Lemma 6.5. Let (M^”, J) be a compact complex manifold admitting a Hermitian metric h of 
strictly negative hisectional curvature. Let 5 denote the infimum of the absolute value of the bi¬ 
sectional curvatures of h. Let go be a pluriclosed metric on M and let A = [sup^tr^p The 
solution to pluriclosed flow with initial condition go satisfies 

(6.1) suptrg^h< ■ • 

M A-\- or 


Proof. From Lemma we yield. 

< 


- \'^i9,h)\l-pg-ph - {h,Q) +^h{9,9) 

- 6{trg hf. 
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Applying the maximum principle we conclude that sup^^^ tr^^ h is bounded above by the solution to 
the ODE 


dt 


-5F 


2 


-F(O) = suptr^o h. 

M 


Solving this ODE yields the estimate (|6.1I) . 


□ 


For the next two lemmas we require the 1-form reduction, and we specify the relevant background 
data in the case of a background metric of nonpositive bisectional curvature here. In particular, 
let h denote the given background metric of nonpositive bisectional curvature. Then in particular 
p{h) < 0. We furthermore set ujt = ujq — tp{h) > 0. In particular this means we set p = 0. With 
these choices made and an application of Lemma [3. 2 1 we will assume a solution to ()3.2p with respect 
to this background data. 

Lemma 6.6. Let (M^”,J) be a compact complex manifold admitting a Hcrmitian metric h of 
strictly negative bisectional curvature. Let gt denote a solution to the pluriclosed flow on {M,J), 
and let at denote the corresponding solution to \3.^) . There exists a constant C = C{go,h) such 
that for any smooth existence time r > 0, one has 

sup I dttr\^ < C. 

M 


Proof. Let 


:= 1 + tr^^ h + \da\ 


Combining Proposition 14.91 and Lemma 16.21 yields 

- a) $ = - |T(5 , - {K Q) + ^h{g,g) 

- \Vda\^ - \Vda\^ -2{Qflvda(3)da) + 2ik^r^(iTgV3f,'MY 
All terms have a favorable sign except the last one. To estimate this we first of all express 


tr, V3f,9a) = 

= + T{g, h)Ttrg + T(<7, 

Then we estimate in a basis where h = Id and g is diagonalized. 




< 


< 


Also we have 


1 

(A + 5tf 

1 

(A + 5tY 
(A + 5tf 



rtkk 


g 

\da\^ + 




^pfkip 


yhf 


a'iPrfn—T'^ -T - < 



(A + 6tY 

1 1^,2 

- 2^^\g-\9-\h + +j^)2- 
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Combining these inequalities yields the differential inequality 

f d \ ^ 

\dt J - {A + Stf 

By the maximum principle, we obtain that 


sup $ < Ft, 
Mx{t} 


where 


dF _ CF 
dt (A + ’ 


Fq = sup <!;>. 
Mx{0} 


This can be solved explicitly, with 


Ft = Fo exp 


'C6-^ 

~ 1 ^ 


C6-^ ' 

A + St 


The proposition follows. 


□ 


Lemma 6.7. Let (M^”,J) be a compact complex manifold admitting a Hcrmitian metric h of 
constant negative bisectional curvature —6. Given go a pluriclosed metric there exists a constant 
C = C{go,h) such that the solution to pluriclosed flow with initial condition go satisfies 

C-\l + 5t)h <gt< C(1 + dt)h. 


Proof. Let 

Inspecting the proof of Lemma 16.61 yields the estimate 

Combining this estimate with Lemma l6 .1 1 yields we yield 

(I - a) $ < \T\l - tr, p(h) - |T( 9 . - 2 I Vflal V 

First, since h has constant negative bisectional curvature 5, we have p{h) = —n6h and estimate 

,,, j. , n6 

-tTgp{h) = ndtTgh< 

Moreover, we estimate 

|rp = \dib + Vdaf 

< 2\duj\^ + 2\Vda\^ 

< C{tighf + 2\Vda\^ 

Combining these yields the estimate 

f d A ^ nd C 

\dt J A + dt {A + 6tfl 

Applying the maximum principle yields 

sup $< sup + C + nln (A + (5t). 

Mx{t} Mx{0} 
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Exponentiating yields 

det Q ^ * r \n 

-—f < C(A + (5t)”. 
det h 

By the arithmetic geometric mean and (j6.1h we conclude 

tr/j gt < (trg, <C{A + 5t). 

The lemma follows. □ 


Proof of Theorem M . R First we establish statement (1). Using the metric h of nonpositive bisec¬ 
tional curvature we obtain a uniform lower bound for the metric from Lemma 16.41 The result now 
follows by applying Theorems 11.71 and 11.81 

Now we address statement (2). Let h denote a flat Kahler metric on (M^", J). Setting gt = go 
and p = 0 we obtain a solution to {g, h, /r)-reduced pluriclosed flow via Lemma 13.21 We now 
claim that [Hq] = 0. By symmetrizing the Kahler form over the complex Lie group action on the 
torus we obtain a new left-invariant Kahler form. However a direct calculation shows that left- 
invariant Hermitian metrics on tori are automatically Kahler, and so have vanishing torsion class. 
Since symmetrization preserves cohomology classes this means that [Hq] = 0. By the (9cl-lemma it 
follows that [clwo] = 0 E thus we can choose g and (p according to Proposition 14. 101 Using 

Lemma [6.4l we have an a priori lower bound for the metric along the flow. On the other hand using 
the result of Proposition 14.101 and Lemma l6.II we obtain 


^-A 

dt 


\ , IX|2 


< -\vpf-2{Q,. 


By applying the maximum principle we obtain an a priori upper bound for the metric along the 
flow. Theorem 11.71 then implies uniform estimates for all times. 

We now address the convergence at infinity. Using the uniform bounds, any sequence of times 
tj oo admits a smooth subsequential limiting metric on the same complex manifold. Moreover, 
these same uniform C°° estimates imply that the Perelman-type T" functional for the pluriclosed 
flow ([38] Theorem 1.1) has a uniform upper bound for all times. It follows that any subsequential 
limit as described above is a pluriclosed steady soliton. From Lemma [6. 3 1 it follows that this limiting 
metric goo is a Kahler-Einstein metric. Each Kahler class on the torus admits a unique flat Kahler- 
Einstein metric, hence goo is flat. It now follows from the linear/dynamic stability result of ([36] 
Theorem 1.2) that the whole flow converges exponentially to goo, as required. 

Now we establish statement (3). By Lemma 16.71 we obtain that for any smooth interval of 
existence [0,r) one has upper and lower bounds on the metric, and a uniform estimate of |clap. It 
follows from Theorem 1 1. 71 that the flow exists smoothly on [0, oo). We now translate these estimates 
to the normalized flow. In particular, if gt denotes the solution to pluriclosed flow and we let 


9s '■— 6 ) 


then gs is the unique solution to (|2.2p with initial condition go. Moreover, setting otg = e~^ae‘>, it 
follows that at is a solution to the normalized 1-form flow. Observe from Lemma 16.71 that g has 
uniform upper and lower bounds. Also, from Lemma 16.61 there is a uniform upper bound for \da^ 
due to its natural scaling invariance. From Theorem 11.71 we obtain uniform estimates on gt 
for all k,a and all t > 0. We now employ a blowdown argument to show convergence at inhnity. 
Choose a sequence tj —>■ oo and consider the sequence of solutions {gj{t) = t~^g{tjt)}. By the 
estimates we have already shown there is a subsequence converging to a limit flow goo (t) defined on 
(0,oo). Using the monotone expanding entropy functional for pluriclosed flow ( |38j Corollary 6.8), 
it follows that goo is Kahler-Einstein, hnishing the proof. □ 
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7. Global existence and convergence results on generalized Kahler manifolds 


7.1. Setup. In this section we exploit the estimates above to establish new long time existence 
results for the pluriclosed flow in the setting of commuting generalized Kahler geometry. We briefly 
recall here the discussion in [35] wherein the pluriclosed flow in the setting of generalized Kahler 
geometry with commuting complex structures is reduced to a fully nonlinear parabolic PDE. 


7.1.1. Differential geometric aspects. Let , g, Ja, Jb) be a generalized Kahler manifold satis¬ 
fying [Ja, Jb] = 0. Define 

n := JaJb G End(rM). 

It follows that = Id, and 11 is ^-orthogonal, hence 11 defines a ^r-orthogonal decomposition into 
its ±1 eigenspaces, which we denote 


TM = T+M © T_M. 


Moreover, on the complex manifold Ja) we can similarly decompose the complexified tangent 

bundle T^’ . Eor notational simplicity we will denote 

:= ker (K © I) : Ja) ^ Ja). 


We use similar notation to denote the pieces of the complex cotangent bundle. Other tensor bundles 
inherit similar decompositions. The one of most importance to us is 


Ac’^(M, Ja) = (Ai° © Ai:°) A © a'!:^ 


a^°aa°/ 


Ai:°AA°/ 


aLOaaO-1 


Given fa G aJ.’^(M, Ja) we will denote this decomposition as 
(7.1) p-.= + pT. 


These decompositions allow us to decompose differential operators as well. In particular we can 
express 

d = + d-, d = d+ + d-, d = d+ + d-. 


As explained in |35|, the crucial differential operator governing the local generality of generalized 
Kahler metrics in this setting is 

□ := {d+d+ - d-d-) . 

In particular, locally a generalized Kahler metric in this setting is in the image of □. 


7.1.2. A characteristic class. 

Definition 7.1. Let (M^”, Ja, Jb) be a bicomplex manifold such that {Ja, Jb] = 0. Let 
x{Ja, Jb) = (r+’°) - G (rb°) + cr(rb°) - c+(rb°). 

The meaning of this formula is the following: fix Hermitian metrics h± on the holomorphic line 
bundles detT^’^, and use these to define elements of ci(t2 ’'^), and then project according to the 
decomposition ()7.ip . In particular, given such metrics h± we let p{h±) denote the associated 
representatives of ci(t2 ’*^), and then let 

X{h±) = P'^{h+) - p~{h+) + p~{h-) - p+(/i_). 

This definition yields a well-defined class in a certain cohomology group, defined in [35], which we 
now describe. 
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Definition 7.2. Let Ja, Jb) be a bihermitian manifold with [J^, Jb] = 0. Given E Aj^ 

let (pB = ~0A(n-, •) E We say that pA is formally generalized Kdhler if 

^ ^ dd}>A = 0. 

Definition 7.3. Let Ja, Jb) denote a generalized Kahler manifold such that [Ja, Jb] = 0 . 

Let 

pA ^ ^Ja ^ satisfies 
{□/ I / E C-(M)} 

As shown in 135], the operator x yields a well-defined class in %, analogous to the first Chern 
class of a Kahler manifold. With this kind of cohomology space, we can define the analogous notion 
to the “Kahler cone,” which we refer to as P, the “positive cone.” 

Definition 7.4. Let Ja, Jb) denote a generalized Kahler manifold such that [Ja, Jb] = 0 . 

Let 

V := {[(j)] ^ JL \ 3 uj ^ [4>],u > 0} . 

Definition 7.5. Let {M‘^^,g, Ja, Jb) be a generalized Kahler manifold such that [Ja, Jb] = 0. We 
say that x = x{Ja, Jb) > 0, (resp. (x < 0 , x = 0) if x G 7^, (resp. -x E P, x = 0). 




7.1.3. Pluriclosed flow in commuting generalized Kdhler geometry. With this setup we describe how 
to reduce (ll.ip to a scalar PDE in the setting of commuting generalized Kahler manifolds. First 
we recall that it follows from ([35] Proposition 3.2, Lemma 3.4) that the pluriclosed flow in this 
setting reduces to 

(7-3) -X(w). 

From the discussion above, we see that a solution to (|7.3p induces a solution to an ODF in V, 
namely 

[ujt] = [wo] - tx- 

Now we can make a definition which specializes Definition 12.71 to this setting. 

Definition 7.6. Given g, Ja, Jb) a generalized Kahler manifold with [Ja,Jb] = 0, let 

T*{g) := sup{t > 0 I [u!]-tx^V} ■ 


Now fix T < T*, so that by hypothesis if we fix arbitrary metrics h± on rb° ) there exists 
a E C°°{M) such that 


- Tx{h±) -I- Do > 0. 

Now set h± = e^^h±. Thus wq — tx(^±) > 0; aad by convexity it follows that 

(Jt ■= Wo - txih±) > 0 

is a smooth one-parameter family of generalized Kahler metrics. Furthermore, given a function 
/ E let 


Uf:=u + □/, 

with gf the associated Hermitian metric. Now suppose that ut satisfies 

d . det gf det /i_ 
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An elementary calculation using the transgression formula for the hrst Chern class m Lemma 
3.4) yields that Uu solves (I7.3p . This reduction can be rehned in the case x = 0, as we will detail 
below. 


7.2. Long time existence. 


Proof of Theorem \l.‘A First, we choose two background metrics using the given topological hy¬ 
potheses. In particular, since xi^AiJs) = 0 we may choose a Hermitian metric h such that 
x{h±) = 0. Also, since {Ja) < 0, we may choose a Hermitian metric h such that p{h) < 0. 
Following the discussion in 117.11 we can reduce the pluriclosed flow in this setting to a scalar PDF. 
In this case the background metric is gt = go, and then setting g^ = go + Out, we let u solve 


(7.5) 



log 


det gf det /i_ 
det /i_|_ det gf ’ 


uo = 0 . 


Using that x(^±) = 0 it follows as described above that gf is the solution to pluriclosed flow with 
initial condition g^. 

We now derive a priori estimates for gf. Using ([35] Lemma 4.2), we observe the evolution 
equation 


k-A|i = 0. 


It follows from the maximum principle that for any smooth existence time r we have 


(7.6) sup |h| < sup |tt| . 

Mx{t} A4x{0} 

A direct integration in time then shows that there is a constant depending the initial data such 
that 

(7.7) sup |u| < C (1-|-r) . 

M x{r} 


Also, from Lemma 16.11 and the fact that p{h) < 0 we observe that 


dt 



log 


det g'^ 
det h 


|rp - iTgp{h) > 0. 


Thus from the maximum principle we conclude that 


(7.8) 


inf log 

M X {r} 


det g'^ 
det h 


inf log 
Mx{0} 


det g^ 
det h 


Combining (|7.6I) and (17.811 and some elementary identities yields that there is a constant C depend¬ 
ing on the background data such that 


(7.9) 


log 


det gf 
det /i_ 


> -c. 


Since rankT^’^ = 1 we conclude that 


(7.10) gf > e-^h-. 

Next we aim to derive a lower bound for g^. To do that we fix some A G M and set 

<I> = log tr^^ h+ — Xu. 
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Using ([35] Lemma 4.3) we obtain 


d A ^ 1 

dt J ilg /l + 




|V h + 

tVg^ h + 




9+ 

— Xu + XAu. 

We estimate the various terms of this equation. First,using (I7.10p we have 

- - -75 

trg^ h+ P<]a+l^+ trg,^ h+ "+4+ 

= Ciigh 

= C [trg_^ h+ + trg_ hJ\ 

< C trg_^ /i+ + C. 

Next we estimate using the Cauchy-Schwarz inequality, computing in coordinates where at the 
point in question /i+ = Id and g is diagonal, 

|2 


|V trg^ h+\ 

trg+ h+ 


9+) 9- 


-1 


-sTsU.,sl^\, + -glXjisTK^ + XX 


(Xi«+) '*+ 

(E4* 

(E 


s+) g 

A 

-1 


gTT{g+,h+)Ah^, g^^T{g+M%h 


jr 


st 


// \ 2 

qV 


g^AlY^{9+M), 


jm 


{AY(9"97Y'^{9+.h+) 


/jr 


4 


^ (E 4 )- [E 


it(9+.'>+)i4.,,-.a]’ [E*?]’ 


Also, since Q > 0 we have tig^h+g^Q ^ 0- Lastly, using the definition of g'^ we observe that 

A /3+«+ I 0-0 

Au = gn+ u + gu 


= gl*°* 


U 


(4 

0 , „0 


9 a—p_ 9 qi_i^_ 


= rank T^’ — rank T_ — tr^u + tig^ g_ 

< - tigu g^+C 

< - c trg^ h+ + C, 

for some constants c,C. Combining the above estimates together with (17.6p . (|7.7L and choosing A 
sufficiently large yields 


4> < CA + (C - Ac) trg. h+. 


< CX- - trg^ /i+ 

= CX- .^ 6 ^“+'*’ 

< CA--e-^^(^+‘)+^. 

2 
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At a spacetime maximum where > AC(1 +1) + log 2(7, we yield (^ — A)<1><0. It follows from 
the maximum principle that there is a constant C depending on the initial data such that 

sup $ < (7 (1 + t). 

Mx{i} 

From the definition of and the a priori estimate for u this implies a lower bound for on any 
finite time interval. The theorem now follows from ([35] Proposition 5.3, m Theorem 1.2). □ 


7.3. Yau’s oscillation estimate on generalized Kahler manifolds. In this subsection we 
adapt Yau’s potential oscillation estimate mi to the setting of commuting generalized Kahler 
geometry. We use ideas of Cherrier [8| in a similar way as exploited by Tosatti-Weinkove |43l H4] , 
who proved a direct generalization of Yau’s estimate in the Hermitian setting. 

Theorem 7.7. Let Ja, Jb) be a compact generalized Kahler manifold, and let u G 

satisfy 

(w+ + = e^+oj’f, 

(a;_ — y/^d-d-uy = e^~oj’'_, 
tr^j y/^ddu > — A. 


There exists a constant C = (7(sup F+, inf F_, A) such that 

oscm u = sup u — inf u < (7. 

M ^ 

Remark 7.8. Usually in this type of estimate it is only an upper bound on the volume form which 
is required. Due to the extra minus sign appearing in the definition of the estimate depends on 
a lower bound for this partial volume form. Also note that the third hypothesis of Theorem 17.71 
the lower bound on the Laplacian of u, is satisfied automatically in the Kahler setting assuming u 
defines a Kahler form, i.e. uj + y/—lddu > 0. It is an interesting challenge to remove this hypothesis. 

To begin we record a certain estimate inspired by a lemma of Cherrier [8|. 


Lemma 7.9. There exist C,po so that for all p > po we have 

2 


[ 

de-2^ 

Jm 



‘ colAui^Cp e-P^oo’lAivi. 


IM 


Proof. We set 


fc-i 


i-i 


T+ = ^ 




k—i—1 




i=0 


i=0 


Observe by the generalized Kahler conditions that d±fi± = 0. Using the bounds on the volume 
forms and integrating by parts yields 


(7.11) 

(7 [ e-P'^uj’l aJ_> [ e-P^ (i 
J M J M ^ 


f e~P'^'/^d+d+u A Auj[_ 

J M 

p f e~P^y/^d+u A d+u A /i+ A wL + [ A A d+uj[ 

Jm Jm 
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Next, using the Cauchy-Schwarz inequality one obtains 
^/-Id+u A wjj , A A A 


(7.12) 


< 


wi A uj^ 


C ^r^d+u A d+u A A A wL 

e AuiL 


+ Ce 


A * A wL 
a;+ A w!_ 


Using this we have 

/ 

Jm 


— / e ^“v—19+1^ A /i+ A cl+wl = — 

IM 


< 


I f e-P^V^+uA fVwl +Aa;^-*-^^ Ad+u;. 

Vi=o ’ / 

A:—1 

-V / e-P“ A 5 +m A + A A wL 

e i=0 

k—l 


/-I 


Acu^-* Aa;(_ 


Now choose e sufficiently small with respect to controlled constants and choose po sufficiently large 
to obtain 


(7.13) 


[ e 15+m a //+ a (9+a;(_ < - f e P^y/-^d^u A d^u A Au 

Jm ^Jm 

„ fc—1 „ 

+ eC e-P^ioi Aui + eCV" 

Jm A 


e-P^ujl+ A wA* w- 


Combining (j7.1ip . (j7.13p we get 


(7.14) I 


'M 


„ A:—1 „ 

e-P“v^a+RAa+u A/i+ < C / e-?’“w^AwL + eCV / , 

./m JM 


^ A wA* A uL 


Next we claim that for j = 0,... ,k there exist constants Cj such that 


P 


2l+i 


(7.15) 


f e P^'/^d-^u A d^u A /i+ A 

Jm 


w 

k-j 


— 


< C, [ e-P^ujl aJ_+ eCj V [ I 

Jm Jm 


e-P^ui ^ A wA* A J_. 


We prove this by induction on j, the case j = 0 being equivalent to (|7.14|) . We assume the result 
for a general j and show it for j + 1. First we separate the last term of (I7.15|) to yield 


k-j „ 

‘AT. 

i=i 7m 


k-j 

e-P^iol+ A wA* A a;(_ = eCj ^ 

i=l ' 


'M 


e-P^ool-J A A 


+ eC,^[ e-P“v/^9+a+uA<^ 
*=i7m 


A wi”* A wL 


= : / + II. 


(7.16) 
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The term I can be included on the right hand side of ()7.15p in showing the inductive step. For 
term II we further integrate by parts 


k-j-l 


II = eCj P [ ^ A d+u 

i=o L Jm 

I 


A A ^ A wL 


- / e-P'^V^+u Aiol+A A d+coL 

Jm 

= IIA+ 113. 


Choosing e sufficiently small yields 

(ri7) < 2^ 

Next using (j7.12p we have 

k-j-i r 


f e A 9+u A A caL- 

Jm 


IIb < eCCj V [ e-P^V^d+u A d+u 
i=o 


A A a;+ * ^ A wL 


(7.18) 


+ [ e-P^ioi^Acol-^ AcoL 

Jm 


k-j-l 


< 


21+3 


f e P'^\/^d+u A d+u A /x+ A wL + eCj ^ 
Jm .^0 


e-P^oji. ^ A wi”* A J_ 


'M 


where the last line follows by ensuring e is chosen sufficiently small. Plugging ()7.17p and (I7.18P into 
p7.16p finishes the proof of (I7.15p . which for j = k can be rewritten as 

(7.19) [ d+e-2^‘^ u;'IaJ_ <Cp [ A wL. 

Jm 9 Jm 

Arguing similarly and using a lower bound for the partial volume form _ we have 

C [ e-P'^Lo’l A wL > / e-P'^Lo’l A (j_ - _) 

Jm Jm ^ ’ ' 

— f A y/^d-d-U A /r_ 

Jm 

= pf e~P'"V^d-uAd-uAp-Auj++ [ e~P'^V^ld-U A p-A d-U}+. 

J M Jm 

A similar series of estimates as detailed above yields the inequality 

2 


(7.20) 


[ d-e-2^^ LO^Auji <Cp [ e-P^co^Auji. 
Jm 9 Jm 


Combining (17.1911 and (I7.20p yields the result. 

Lemma 7.10. There exists a constant C such that, if we set v = u — inf^ u, 


□ 
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Proof. Combining Lemma 17.91 with the Sobolev inequality, we see that for p > po and A = we 
have 


le = I 


1 

Ap 


< 

^ / 

de-2^ 

^ w" + C [ e-P^u^ 


. Jm 


JM 


< Cppp I le 


ILP • 


Iterating this estimate yields 


|e “ll^oc = lim ||e “||r,pnA* 


/—>-oo 


(7.21) 


ILpqa 

. - ..ti.. 1 


< lim * TT (AVo) 

i=0 


ILPO 


We use this in conjunction with an argument from ([U] Lemma 3.2) to show that there exist 
uniform constants Ci and 6 so that 


(7.22) 

Let w = pqu, so that (|7.21l) reads 

(7.23) 

Now we split 

/ 

Ja 

Since 


{u < inf u + Cil 
M 


> 5. 


Jm 


e-^ = 


e-^ + 




e-^ = 1 + II. 


< 


1 




>l f e-”) 

^ JM 

we obtain, combining with (17.231) . 

I < 

On the other hand we directly estimate using that dp = 1 


\w < inf w + Cl) 

M 


iw < inf w + Cl) 
M 


supe '^ < Co 
M 


Iw < inf tc + Cl I 
M 


IM 


II 

^ JM 


II<=: I e-^. 

iM 


Thus we obtain 


e-^ < 


IM 


Co 


\w < inf w + Cij 

M 


+ 


IM 


iw < inf w + Cl) 
M 


> 5 


Rearranging this yields 
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for some uniform constant > 0. Since po is some fixed constant, we obtain (I7.22p . Using this we 
have 

vdpL 

= V 



<s-' j 

J{v<Ci} 


< \v — v\ + Cl 
J{v<Ci} 

< Ik — fflLi + Cl- 


□ 


Lemma 7.11. ("[33] Lemma 2.3) Let J) be a compact complex manifold with Gauduchon 

metric ojg- Let f G C°°{M) satisfy 

Aojq/ > —Cq. 


Then there exist constants Ci, C 2 depending on {M‘^'^,log, J) and Cq such that for all p > 1, 


(7.24) 
and 

(7.25) 


/ 

Jm 


_p+i 


df— u;^<Cip fPuj^, 


UJG 


IM 


sup f <C 2 max / /wg, 1 } . 


M 


IM 


Proof of Theorem 7.7. Let v = u — By Gaiiduchon’s theorem [16] u) admits a conformally 

related Gauduchon metric ojg = 6 *^ 0 ;, for some smooth function cj). By assumption we have = 

> —C. Thus, by Lemma l7.11[ it suffices to estimate the Lf norm of v. Using (j7.24p with 
p = 1, the Poincare inequality for ujg-, and Lemma 17.101 we have 


Ikiki < C +\\v — v\\i^i 

< C +\\v — v\\j ^2 

< C + C\\dv \\^2 

< G + C|k|||i. 

The estimate for |k|ki, and hence the theorem, follows. □ 


7.4. Convergence. We now establish the convergence claims of Theorem 11.31 Before getting to 
the proof we record a topological splitting result for Kahler-Einstein manifolds. 

Theorem 7.12. (]21 [31 E3| j Let {M,J) be a compact complex manifold which admits a Kahler- 
Einstein metric g, and whose tangent bundle splits as a direct sum of two holomorphic sub-bundles 
T±M. Then T±M are parallel with respect to the Levi-Civita connection of g. In particular, 
{M,g, J) is a local Kdhler product of two Kahler-Einstein manifolds tangent to T±M. 


Proof. Using the Bochner-Kodaira identity shows that for a holomorphic endomorphism Q oiTM 
one has for a Kahler-Einstein background, 

/ |VQ|=/ (b-iRc,Q],Q) = / ([A/,Q],Q) =0. 

Jm Jm Jm 

Thus Q is parallel, and the theorem follows from the de Rham decomposition theorem. □ 
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Proof of Theorem \1.3[ To begin we establish more refined versions of the estimates of Theorem ll.2l 
In particular we claim uniform equivalence of the metrics and uniform C°° estimates for all time. 
As in Theorem [L 2 ] we choose a Hermitian metric h such that x{h±) = 0. Furthermore since now 
Ci^{J a) = 0 we choose a Hermitian metric h such that p{h) = 0. We now consider two reductions 
of the pluriclosed flow. First, following Theorem 1 1.2 1 we set g = go, let g^ = go + and let u solve 


uo = 0 . 


d det gf det /i_ 

det h+ det gf ’ 

On the other hand, with the choices g, h, and p = 0, using Lemma 13.21 we choose a solution at to 
/i, 0)-reduced pluriclosed flow. Since by hypothesis [Swq] = 0; there exists g G such that 

dujt = dibo = dg. 

Thus choose (p = da — g and by Proposition 14.101 we have 


(7.26) 


^ - A,,) \4>\"= -\V4>f - \Tf -2{Q,f>®cP). 


This differential inequality is very helpful in obtaining estimates of the metric, and is the reason for 
considering the a-reduction of the pluriclosed flow as well as the scalar reduction. While of course 
these two reductions are related, the scalar reduction involves also the background metric h, and 
the nature of these background terms interferes with simply using d-d^u as the torsion potential. 

First we observe that the estimates ()7.6I1 . (17.Sp and (|7.9p of Theorem II.21 still hold in this setting. 
Combining Lemma l 6 .1 1 with (17.261) yields 


l-A 

dt 

It follows from the maximum principle that 

(7.27) sup 

Mx{t} L 


, det 5 “ I ,|2 
log—^ + \cP\^ 
det h 


< 0 . 


1 det5“ 2 

log—^ + 101 
det n 


< C. 


Combining (17.2711 with (17.611 and (17.81) and making elementary manipulations yields 

det g"^ 


det h± 


C-^h_ <gf< Ch_. 


(7.28) log ^117^ < C. 

Since rankTj*^’^ = 1 we conclude that 

(7.29) 

Note that by combining the basic fact 5 “ > 0 with gf < Ch- we conclude that there is a constant 
C such that 

tr^o '/^ddu > —C. 

We now construct a normalized potential for the metric. In particular, we let vt solve 

r 1 det det h— 

- 


d det gf. det h- 

'dt^^ det h+ det gf 


det h+ det 


L 


M^O 


Vo = 0. 


Certainly vt only differs from ut by a constant, thus g'^ = g'’■ The estimates (I7.28P above imply 

det^l 


(7.30) 


log- 


< C, tr„(, y/^ddv > —C. 


det h± 

Moreover, an elementary calculation shows that for all t, 
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With the estimates (I7.28P and (17.291) in place, Theorem 17.71 implies that for any time t, 

(7.32) oscMx{t} V <C. 

Estimates ()7.28p . ()7.31l) and ()7.32l) together imply that for all t, 


(7.33) 
Now let 


sup 



d ' 

n - 1 - 

TTV 


dt 


< C. 


<1> = logtr^,^ — An. 

Arguing as in the proof of Theorem 11.21 and using (|7.33p yields 

^ - a ] ^ < C-C-^e-^+'^. 


dt 

A direct application of the maximum principle then yields a uniform upper bound for which 
after manipulations yields 

(7.34) <7+ > C-^h+. 

Combining (j7.27p . (j7.29p . and (I7.34h yields 

C-^h < < Ch. 

We invoke (HQ] Theorem 1.2) to obtain uniform (7°° estimates for gt for all times. 

We now establish exponential C°° convergence of the flow. This follows from an argument 
of Li-Yau type which we only sketch, as it follows standard lines. At this point we have 
established uniform upper and lower bounds as well as uniform estimates on all space and time 
derivatives for the metrics. Now let ft denote a positive solution to the time-dependent heat 
equation (^ — Agf)f = 0. A lengthy series of estimates shows that there exists a > 0 and a 
constant C such that 

\Vf\^-aft<c[l + -^ 

Integrating this over paths in spacetime yields the Harnack estimate 

c 


supu(x,ti) < infu(x,t 2 ) 


M 


M 


exp 


C 


t2 — tl 


+ C{t2 — ti) 


Now for n E N we define 


Unix, t) = sup /(x, n - 1 ) - /(x, n-l + t), 
M 

Unix, t) = fix, n - 1 + t) - inf /(x, n - 1 ), 

M 

osc(t) = sup/(x, t) — inf/(x, t). 

M M 


All g,n and Un are solutions to the time-dependent heat equation and so by the Harnack estimate 
with tl = ^, t 2 = 1 we obtain 

sup fix, n — 1) — inf fix, n — \) < C [ sup /(x, n — 1) — sup fix, n) I , 

M \ M M J 

sup fix, n — i) — inf fix, n — 1) < C ^mf fix, n) — mf fix, n — 1)^ . 

Adding these together yields 


osc(n — 1) -|- osc(n — -) < C'(osc(n — 1) — osc(n)). 
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hence 

osc(n) < Aosc(n— 1 ), 

where A = < 1. Since the oscillation function is nonincreasing it follows that osc(t) < Ce~^^. 

Applying this discussion to -^u shows that it converges exponentially to a constant. Since u 
and V differ only by time dependent constants, it follows that also converges exponentially 
to a constant, which must be zero by (I7.31|) . It follows directly that the metric is converging 
exponentially, and that the limiting metric satisfies = 0- Lemma 16.31 now implies that g'"°° 

is Calabi-Yau. The remaining claims of the theorem follow directly from Theorem 17.121 □ 

Proof of Corollary \1.4\ To prove the corollary we simply show that the assumptions imply the setup 
of Theorem 11.31 Fix Hermitian metrics h± on Since by assumption = 0, there exist 

smooth functions f± such that 

p{e^^h±) = p(h±) - V^ddf = 0. 

Now let h = e-^+h^ (B It follows directly that 

p{h) = p{h+) + p{h-) = 0 , x{h±) = P^{h+) - p~{h+) + p~{h-) - p'^{h-) = 0 . 

Thus = 0 , and x{Ja, Jb) = 0 , and so the corollary follows from Theorem 11.31 □ 
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